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In this thesis, the problem of designing die layout of int^ratcd circuits is examined. Hie 
layout of an integrated circuit specifies the position on the chip of fuiKtional components and wires 
interconnecting the components. We use a general model under which components are rqjrescnted by 
rectangles, and wires arc represented by lines, lliis mottel can be applied to dicuit OMnponciits 
defined at any level of complexity, frtMii a transi^or to a programmable kigfc array (H.A). We forais 
on the standard decomposition of die laytxit prabkpi UM> a placcn^it prcMem and a rmitii^ 
problem. 

Wc examine problems encountered in layout design from the point of view of complexity 
theory, llic general layout problem under our model is diown to be NP-omiplete. In additioa. two 
problems encountered in a restricted version of the routing pr(4)lem -- duinnel rcHJting - are diowB to 
be NP-complete. llie analysis of hcuristk: algorithms for NP-ccmiplete problems is discussed, and the 
analysis of one common algorithm is presented. 

The major result presented in Uiis dissertation is a polynomial time algorithm for a re^ricted 
case of the routing problem. Given one rectangular ownponcnt with terminals on its IxNindary, laad 
pairs of terminals to be connected, die algorithm will find a two>1ayer channel rouUi^ which 
minimizes the area of a rectangle circumscribing the cmnponent and die wire paths. Each terminal can 
appear in only one pair of terminals to be connected, and the rectangte used to determiiM die area 
must have its boundaries parallel to those of the component If any of the conditions of die proUon 
are removed, the algorithm is no longer guaranteed to find die optimal sc^tioa. 
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Chapter 1: Introductioa 

The research reported in this thesis ks an inve^igation of algoritbnns for the layoirt (^integrated 
circuits. Integrated circuits arc fanned on silicon chips by otaiting layers of different substances (e.g. 
metal, polysilicon) in geometric patterns on the chip throu^ a variety of fabrication techniques. 
Hectronic components are formed by the intei^tion of regions io tbe'^MIa^it layers. Wires connecting 
cmnponents are simply r(^ns between two components «i a layer. Laying out a circuit consists of 
determining the patterns for each layer on the chip to create die desired components and 
interconnections. For e^ampk, maMOS/FET teduKdoe;] a d^i^na-cieaies a transistor by drawing a 
region for the polysilicon layer and a region ft* the diffiBton layer whidr cross when the desi^is for the 
two layers are aiperimposed {MeSO]. In general. <tesignii% a laywt re(|uire^ knowledge of ttie 
interactions between layers for the techiwlogy being used and Bmitatifms of tfic fabrication process being 
used, llie gcmh of die de^^ier are to put as mudi circdtry as possible in as small an area as posabte, and 
to have it woric ccKrecUy and^ fast^ possible. A good oiunple is the laycHit of a microprpfieswr. yitme. 
the amount of information which can be processed, die number of functions which can be performed, 
and the speed of processing are anportant 

The layout problem as (tescribed above contains a hu^ number of variables and leaves mudi 
room for cleverness by die person designing die layout It docs not lend itself well to an a^oridunic 
appr(»ch where a wcll-defmed modd and set of (qieraticMis are employed. However, standard layouts can 
be used for each component needed in a drcuit Hiese con^KMients need not be simple electronic 
components such as transistors or rcastors, but may be logic gates or even hiylMir kvcl circuit sutoystems. 
Given dicse components and the interconnections necessary to realize d» dc«red circuit function, die 
layout problem conasts of allocating a proper-sized region of the chip for each ccmiponcnt and 
determining die pattern of wires forming die interconnections on each layer. This is dK layout problon 
as wc will mean it Wc have lost die flexibility of tailoring die layout of each component to die particular 
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applicatioQ, but luive greatly Bi^^^i the proycm. 

In geiieriil, we wiH wisll to p^iee » net ^fmapmemm apoAstbiy multi-layered planar surface. 
Hie component will fmimi mmMt, whk^ mt {MHna to whkii ii#e$ can connect Hie denied 
imerconnectioQis wfll be^ecifieA by vving #^t sets (tfitermnate. Sacii set of tMininiis, caUod am/, 
should be intercMsected. Ttm iittenHiniieeliaM witf -be^fltade hy wires which cteflne pate between 
termiflids in the l^ers. 'Dknv witt be cmst»tn&s viMdi-lhs li^irmit nioa^ s^fy» such as a^^^ioimi 
separation betwe^ uacMM^K^i^wiMi. Thcie co«tr«iMMKP9 ei^^ 

The maior inotivatMW ^ devcdo^g^a^^^^ tortile UwJiD»i^>pnMeiRte the cmnpleiiity 
of the in^ratfd circuits b^^ flwi|ifrd> A (^ 8111^^^1:0^1^ tens ^ ABunadi of ti»mst(m. H«id 
layout of these intep^d cinn^ mm- wi^ $» aid of eeo^MiariadsfrapMcs, is very costly, time 
ccmsuming, (wderrw^i^^ Stasi^ildfateiaJiii^oiiettir^ 

the iadu^Y to s^^iy ci«»ut«dM^|B.«Rd hyiout, asidiajwM by compit^'has tKes«i^toKntedp^76] 
|Per77]. Jt» tra«teo£Bi are straiw le ^kmo in «Qf^w^ tpintfaamiagi ftogipnaring hi assendi^ 
kuiguage gives « pn^amnof the froMlem to (imh^cSmix waytirtitdw a pro^unnm fitttfa* or requhc 
less «img»' iiowe^, «^«« «M^>JA«ge,i»M9iticii(ed^{MCipnnis oeed tobe MMcfi, thevawti^ ntiine 
and tte,coac^^iiri>fwii|^tfk^oihg«biedby unag a lugh le¥^k^i»«e mi&xtt^ex are wordi tte k>ss of 
flextt>Uity. .hist asr (»e «^ht wrifie aa often Med Airt>ro«^i^ m ammMy lamfiagt, mie no^^ Ae 
la^ut for a ciicuit wbs^^n to be «sed in mfB^ ctora^ by te^ Hotoeva^. ffH- mottipFoieetB, die 
saivifn^ iftiipeiwdaM! Added iMth in 0ie corieciB«as^tfie4«Ht8 dueio die mi^fled Mraeture madce 
die ecRiipQi«ent approach pr^snMe. 

Although w(tfl(iM«M»m^odlairQti(fystaittdo««^lliepD^^ 
nt^irat^ ciisuit fa^out s not aotv«fc Kfany <tf ttie extetiogA^trndmsiAiee fi^io' Rstrktfons <m the 
pfoblee^ Typ«ca%. they require diat all ctffispoaents be the same use jft am daiKs^m. I^k^ am 
algoridim places the ccMnposents in row^ foraii^ aa Mfay. The wtiini (o^d ras/ifli^ is dcme ia the 
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space& between rows. Also, alttiough several al^MlAMM ham ^em denoted md kni^inented. Uttk 
imatysis of die algDimiim has been p^frnmed. Empviad evidence is (^ten cited in the literature. 
However, papers (tescribing a^orKtitns whidi may not itod epM^ at^ticms nufely presntt nu^iematical 
analyses of ^ qioMy of the solutioDS fmifid. Por exi^te, one does iM)t Aid statement of die form 
"this algoridim always finds a s(riuti<Ni w^in 50% of Ihe VfptiaSuA." fH Als dissertatitm, we discass laymit 
i^r^»is fifwn a c(»i|riexity dicory poiM of view. We focus on the pcrformanK; of a^icHidums, both in 
terms of the quality of die sdatkMis diey produce md die funning dmes diey require. We work with 
subproblems of the layout pniikm since they are-^s^^^^Foach ^id are'Commoflrly encountered. An 
ex«ni^ of su(^ a aibproblem s die rwtt^ problem when Gon^ooctttt have been placed in rows. 

The die^ is ixgmied as fi^ows. In Qm^erl^ wt review Ihe techniques used by ex»d^ 
auttHiM^laytMit q^CEans. to C%i|)t»^ 3. the modd we wW use ftff laycMproMnRS is presmted. We dso 
(tescribe a sectmd model - die ffiph dta>retie model - whfch has prevetf V^ useftid in chafactenzn^ 
dMS mok requimd by v«ious fBtracranecticm p^iitemsv bi €lu9ter4, we discos the complexity of a 
number of veracms «id sui^roMom <^ ^ layom ^obl^. A review of previousdy known 
NP-completeiiess residts is ffvem. We iMOveiheNP-compAeteBHSdfarieetn^ f^itxiam. piiiMem and 
two prrtiems emxHMoed ui diaanel routing. We iUH^e rjp«e«4ey^1mown heuristic idgoridmi for 
raieof tfaediaBnel roiM^proUems^ In Ou^^r S, a new i^mithm isjittiraMl^foFaiqyei^ csaeof die 
rdotii^lirablem. In ths^^km, terminals ^ on die liOUiidaiy^BfiMefecStt^iafitf'^coR^^ Priis ef 
tondnak Bwd be mtacoonected. Hie a^OTithm finds ntninimiffli ami routing foritH:h^^mel feiMii^ 
model and has running time 0(^), where t is die number of terminate ^'dc^iopfnttfHS i^^dun. W« 
have stown diat dieie »e no^trh^ rettii^ probteim whiA «e^«oi W-4iaid. Mcfst routing probtems 
are cidKF knows b> be NP4iard w^we so ck«(% i^ilitod ti^ f^P^itd piniMem stt to be coMridei^ 
intractable widiotrt ui actu^ proc^ of NP-hardness. In €hi^>t«f 6, we dtaw pf!b|)ertksof die algoriOim: 
faiCliapter?, w« summarne and prcsfent open probtenn and dN^cMs for ftduie fcsesfdi. A levkwttf^ 



basic definitions and notation used throughout this thesis is presented in the appendix. 
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einpterZ: A Review oTLijNMM^^AiitMiMiMT^ 

11 Classical Approach to LajrOHt 

The problem of placing components on a surface and making the required interconnections in 
one or more layers is not new. Research on the layout problem was iniUally done for printed circuit 
boards in the I960's. The layout problem for printed circuit boards K closely related to that for integrated 
circuits ~ components are placed on a board and interconnections arc made by conducting strips (wires) 
printed on two or more layers of the board. Wires on diffcfent layers are insulated fh)m each other, but 
wires on the same layer mu^ not cross unless a connection K inten^d. Depending on the manufacturing 
technique, a conducting path may be able to change layers only at fixed positions on the board (called 
fixed vias) or anywhere on the board (called floating vias). Sotne researdiers have used models for the 
layout problan which they intend to jyjply to both printed circuit boards and chips |Han76J. However, es 
we ^11 discuss below, the objectives and assumptions for printed circuit boards and int^rated circuits 
are diffisrent 

Traditionally, layout of circuits has been dmded into two phases - the placement phase and the 
routing phase. Separate algorithms have been designed kx each. In the placement phase, cranpcMicnts 
are assigned positions; in the routing phase, the paths whidi the wires will use are determined. For 
printed circuit boards, the goal is usually to minimize the total length of wire used. Generally, the board 
is divided by a rectilinear grid and ccxnponcnts can be placed (Mily at certain locations on die grid. 
Terminals where wires must attach are at fixed positl<ms m each conponent; these positions roalch 
locations on the grid. Automatic layout systems for integrated circuits have bwrowcd the algorithms and 
models fi-om printed circuit board research and expanded on than. M<m systems use standard cells of 
uniform size which are arranged in rows and columns, Icavhig a grid of horizontal and vertical streets in 
which connectionscan be made. Exampks of standard cell ^sterns can be found in (Fe76l, per??]. 
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For placement algorithms, comjKweitts are gencriiUy mocMed ju points and the board or chip as 
an wray of locations on which the compooenti nu^ M^^Offd* Fcu' -printed qiicuitSt components are 
usually standard size package so that ^w is itot a ke^^, F(|r Ms^^pted cir^u^ a size parameter may be 
associate with each pc^nt atid 8 cupaci^ with ea#i (ocMtiCNa. For ^xanif^e, m {Sc7^ each kxatioa 
represents a row of stand^di^lte and has a capaisiiy which«# the tet^ of the row. In die mi^ori^ of 
placement problem formulations, die (^jective is to find a placement wMih ppstiiicilitatos &e rjOutiqg to 
follow. A function of die placem/eot ^ ch««ea ^a^ ^l]|ecydv«|pctioi» to be t^timized. lite function is 
supposed to be an indicationof die difficu^^ the noiii^^lidie placement. Mo»toftea the fum^ioa 
is an estimate qfthe total wire tenfth used for reuti^ Vwioiis esttai^ of die wire lenidi needed to 
rcMte one net (set ol tcrminaljS to he w^Ketnedl^) «i^ i^ e^, the M^pectneter <if die ssudlcit 
rectangle eoclosifig all termi^ ofjlte ^d^e^ )|^^ o£.^i8lwtr^,^>afltaH|g tfee of die net Ih? 
estimate must be «a|y to compute. 

There are two types of prfacemem a^rithmti --.copstrueUve initial placement and itendiye 
improvement. Most automated layout s^itom use ^^)di>^idibough fittMsr can be used atone: it^ative 
improvement caa be used with a npdom hiiltid p^v^^MUM. .Ckip^fwcdy^ initiid ptap^mcot algoiititoM 
place components (Hie by one hafi»l oadieir eonii^|iviiy tQ-fx^po^epts pre^vioufli? placed, in mwy 
sy^ms, a designer may choose ami pli|ce die first omqiotMnts. \l^1p([in the fiist com 
die algoridim, a ^ledfri component such 41s a bopdlRg P^d fQl^'^i<^tKMPfi> ^ ^ #i#PQ' ^mponent may 
be chosen. Givep an initial ftiaeammu Ueradve impnoyenneiift a^Kl#iB» mcwfe coH^tSMtents to improve 
die objective function. These algiHittms ju^ local q^imizatioR i^HJims. O^^pRHHon techmtiue is to 
exchange pairs or rearrange kir^r se^ of cotapwema} and test whedw die vahie of the objective AiactioQ 
has been improved. In another mediod, called Force-Directed Relaxation, a ccmiponent is moved to a 
point where die "forces" due to its connections to other components arc balanced. A descripticm of 
various placement algoridims of both types can be found in Chapter S of [Dcs72]. An experimental 
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ccH^MH^B of several of A^se ttpx^aea h prescntRf in fflatkTSi. 

The routiDg pcMtion of the layotit probfem tes loceiv^mHchatteBftititi m the past ten or fifteen 
years. Many a^orHlm» iwve been devek^Kd to find' *nestf optima st^ttims to tiK routii^ problem 
wl^n sets of pc»nts wMch mm be interccmnteclnl «e fftm » ti^va. MoA trf'ttie a||ortthms axtanpt m 
miimnize total wire len^. These ^lorittiRH ^Anott exchi^ly ase die itecttRiKar (atso known as 
M»ihiKtan)measMe of(Sstmee; 

Routhtg can be ai^miached a mmri)er of dtflfercm wSys. Nets may be connected uang Steiner 
trees. i.e lowing wires to bnmch at potnts between terminal; m^ ittay be re^rfcted to i^iianning trees, 
«iiere ik> br^chi^ wires se iMowed. (1^ Figure 2.1) CmUKlxtiGm pig^ teay be dtowed to ch^n^e 
layers at arbi&ary p^s&, at fixed pffints, (Mr imt sA afl. The tree rf conttectkMis for rach net may be 
determined be^re ttie act^ pads are found ~ ciMed wire 8st (k^mtnaokm - or dw trees nay be 
determined as paths are laid out When each padi must lie totaitty on oatUytr, die h^n aiS^nment, Le. 
determfoing which pads win He mi wMdi layer, is often doi» Iftst Alij^aa on a layer miist. be routed so 
drat tfiey do not ctms. However, n^my trf^ die taosi rteest routers fin- nie^^::^ drcuits md priced 
cffcute use die rcaricti<ni that htrnzontd wire sq^ tt ente atKl verdcd wire s^nteMs are on separate tayets. 
((kHizonta! and vertiwd are die perpendicutn^ (firections of die rcctHirKsnr mrtric.) Paflls are composed (tf 
hOTizoBtal and vertical segments. Eat* change of directitm is a dfiange of UycHr. TypksSy, two layers ate 
used ~ one for eadi <firec«i{ML In fte prcgecdcm of die teyere 6n oftfr {rfjuK. two f^tfis may intenect widiin 
perpendicular segtaam widioot be^ efeetrieany coiraected: "^n^eniK^eaA change taycR only at ftted 
points, crfcd vlas, the vias may be teekgueA to partfciAff coMO^RiiistiefoiVTMitit^. For printed ctituits, 
die number and location of vias is often restrided doe K> Ate f^iiaKioii techMilt^. Fch* integrated 



1. Under die rectilinear mctrk:, pmnts (Xj,yj) and (X2.y2) •" » cartesian «)ordinatc system are dii^nce 
\»^l^^-t'\!fiy^ apart 
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circuits, vias are contact cuts [Me8^ fbe^ are ipjaUy aik)w«4 any^lipre. althoiigh it is desirable to 

minimize the number used since they require extra area. 

Most algorithms to do the actual routing of wire paths fall into one of the following four 

categories: maze routers, line rout^ cell routers, and Ghanpiel nniters. The first algorithms used on 

printed circuit boar<Jb were maie rcHiters. Maze routers ftml (^ padi at at time. They aire based on Lee's 

algorithm {I.ee61] for fbidingHEJte idwrteM path between two nodes in a gn^. In fai:t, a padi can be 

found between Rubers of two sets <»f nottes rather dian betwieen two specific nodes. The graph used for 

routing is a grid graph cqntai^ii^^idden regions. The a^rithm is a bi|i|!Citb 6i^ seaflchpf the usable 

grid points. (See F^ure 2.2.) MuWple layers may be modeled by using one two-dimensional grid for 

each layer. Each grid {MNnt (for unre^ricted vias) or ^ch of a special set of grid points (for fixed vias) on 

one planar grid is adjacent U) ctmesponding |^ points on other pbnar yida. 

. Cellular routei» [Ht^^ idto (tivide up t^ rfoiitt^ fim>e vim a regular arsaogement of cells. 

Again, each path ks fixii^ me at a time, by a breads firtt search over all cells. Each cell represents a 

region of the routii^ suriacc, iiM:ludtng all layers. Ttiif ri^rt<te(m^i0eri^lPdbtaHM^t^'fip^ecting all layers 

on one plane, dKn putitkming tte fdmie into pieces of uni^jrm^idze^ a^^i^, Tb<^ pieces are the cells. 

Eadt ceU i& kMfe emu^ to fit Mere dum one wire widdt on^eaefi tayer. The rmittiqirali^tto mutt 

define the oitrance md exit points oSeach routing pirth iikdie let of cells U-aversed by t|e pa0i. Frcmi a 

given point on aiceU b(HNidary, 4ie reiK^iaMep^nfe^itoigtfw<^'% b oua da ri «i affr<alcubited taking into 

account wires which have been previouriy tm0e4 md hfve ciit off puis of die ceQ ftmn other parts 

(Figure2J). The determination 4)f4he^tuai padis used wiMfteach cell is left for a second algoridim. 

■ . . - * - - 

Cellular rauters^^iot nvMrethe liuie number of grid pdtnts whiil) mm be r^Htteirtnl when usiiui a 

maze router. 

Line nHitjprs p{t69] do tfot putitlon the plane. TIese jouters work directly with horizontal and 

vertical fine segfients. They butd up a padi betwera tw(i potnta (kit of duse s^iieats. A line rwter 
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l*ll^re 2.t: Seemcr tree ronacctMHis T«r»s !^miin^ tri>e eemectioas. 
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finds paths only in one pime. Paths area determined cme at a time. Given ^e tf»:^t points to be 
connected, line s^pnentt are extended tnm ^ lar^ until they hit (^staclcs. Points along these 
segments ftom whfeh^ a lin%pi be extended whfch w|l "cicjqje" an crtMtacle previously hit are found. In 
this way. "esci^ lines" ar^iener«»t uiitil a |»di b<|i»eeB tite two to^et poiftfc can be constructed from 
segments of these escape liges. (See I%u« 2 A) ?^ 4 = 

TTie channel routing technique fHiK?!] w^dev^ped for routings «|th horizontal and vertical 

I > '" -■ 
wires on separate layen. The anea avaSi^ ibir ro|pt<4s #v^ into hort|ontal and vertical streets. 

Each horitontal or vcrticiri street can contain a^w^er V hca-tzcrtUal of' vertical path segments. 

respectively. Paths are first found through ^ i»«e^w^3ut r^rtt^ c(mflic|l withk) each street After 

all connecUons have becif gto^UjL muted 4hfoiigti Hit^atnets, tlie segtnefilft wilWn each street are 

arranged so that no two overlap, the number of panltel lams or ckbmwlr ift each street is minimized. 

Short segments peipendicaftr to tite street direction#ust be used fnm each ffrminal out into the sureet 

For some al|K>rithms. wdi fkxm si^maits ar$ ^ao pei^tt«i to ^w a patfi^eg^ncn^ ^'c|ian^ channels. 

(SeePgurelS.) The global rpuUsipBoWeBs is ac|i«9jf» p>|A-flB*ii».pi!pblem on ajr^ where more 

that one padi may use Oie sme ^e. Iht tocat routiflg probl^B (or channel assignment problem) 

resembles a packing prt^rfon n^er than a pi^-fiad^ picrtricm. These pn*lems will be described in 

more detail in Chapter 4. 

The algorithms described above ue those most o^n iraed by layout automation syttems. They 

do not enc(mipas8 1^ a^oriAms. k survey of routing a^Kidum am be l^nd in Chapter 6 of [des72] 

and in [Hi74l. A study of router performance is de«ii||4(Jt Uliej^ >foBe of the algorithms are 

i r- ■»> - ^ '^ ■ . ' , 

guaranteed to ftnd an ofrtimal sitfution unless thfy are siktrnd to rip, up imd reroute - exhaustively 

searching all jx^ble routings. Furthcrmefc, if the »nouAt of area whidi can be used is bountted, the 



1. nic use of the term channel has become conlUscd in pi litcrattwe. It « iMcd by some audiors to 
denote a su-ect, by others to denoteyi lane within a Street ^ follow ttie terminology of [IftB?!]. 
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i-'i|>ure 2.3: CJi'llufair routmg. 
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algorithms are not guaranteed to route ^1 connections, even though such a routing eniits. In i>ractice, 
failed connections are ccHnpleted manudly. Many systems use a combination of algorithms, beginning 
with fa^er algoridims to route m^lt conoections and using slower but more successful algorithms to route 
die final connections (e.g. ses P*p19D. Sm\e algorithms ate more »iscq>tible to the problem of failing to 
ccmiplcte all connections than others. When each {^nt-to-point $f|ipii;^^M assigned to a single layer 
and then routed, the paths found first may etKircie a l^mintd not ^et connecteti to anything. It is 
impossible to find a padi to dm terminal withtMtt chantim bycrs or rfaH^inaiip aijrevtously routed path. 
(See Figure 2^4> For ro^en of this type, tlw <»d«r itf< which the padis are assigned for k prol^dti can 
make a grc^ difference in wheditr dte-atpirithm is nKcetsftif in rmittng at! the cOfflRections. Given dds, 
it is iniereitfaig diat AbellAbTll coiiclwtes from his ei^ifri#^llfdl); that, overall, the peiformance of such 
routers is not signifkantly^ffiBcied br v»'ic»ser«tefavi»^erte. fftie twttrtBsed is a maze router wiUi an 
added heuristic so that paths do not run next to a row of terminals at minimum spacing firom the 
terminals. TTie paths being avoided would lead to a latfe number of blocked terminals.) The channel 
routing technique is less susceptible to die problem of fUlure to R)uftt^iia»n«iflimi)SMee ^ ontt 
position of each sepnent is determined after all paths arc ^obatly Ms^ned. In fact, if area is not limited, 
die streets can contain an arbitrarily large number of channels and 100% routing can always be obtained. 

Several characteristics of the models used for past reseiDch on die layout problem are very 
restrictive, especially when considering die layout of very farge Ksi^ integrated (VLSI) circuits, where up 
to a million transistors are packed on one chip in a vety,(|M^^r»«emcnt. The use of ceils which have 
one or both dimensions fixed limits die type of componentt which can be used. One may imagine having 
in die same circuit a very large component which is an array of registers and a number of small 
components realizing a special function. Ome the components being uaed arc of varying size, it is a waste 
of space to place dicm in an array separated by "streets" runniaft die >Qgdi and widdi of die chip. The 
size of each component and die way die components fit together on die chip arc important 
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F1pm}3: OtwBMlfMtiag. 
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When an array of k)cations is used for cell placomM; tt ii feasMiabte to use teftal wire tengtH as 
a measure of the worth of a partic|rtir layout DtfTerent amm^ments of components within die array 
only affect the area of ^e biyout mo^ ta diey afHect 4e interconnec^knr pats talen. The total wire 
length is an easily computed approkfaiMte meatore of the frnHxint of roulintiHHfaice which has been used 
at any point while routing te being dMe. Thn, te turn, i an i^roxim^ measure of the congestion of 
wires in routing areas. Con^stioninay affiect ite tfH^ibi^y df interconnections still to be made. When 
the area used for routing between «i|f^iie$tt is Jxttl^^ich b usually true for printed circuit boards, 
too much congestion may result tn'i^^yfe te it)trtewme df tfie inteiconnecdons. When the area used for 
routing can be expanded by moviig'iw etmitKMvesMst^ile ke^ii^ thdr relative pt^tions fixed), as is 
more likely for integrated circuit (tes^. tdoifti^ i£^^|liiioa may naRiU in a biger overall layout size. 

When components are not of rdatively uniform rise, their placement has great effect on total 
layout size. Wire length is no lon^r a good ^^MtNiimtticMi to layout rize. This is illustrated in 
Figure 2.7. The placement of ctm^onents and routing of wires interact in a much more comi^ex manner 
to determine the total Hze of a bymit The most recently developed layout systems no longer treat 
component size as a parameter whkh b of second«y hnportrace. Oxnponents are nKxMed as rectan^ 
- giving diem ^rx^ as well iSL 'Avt - rad^r dum m pdnis with a size panuneter itttached. When 
rectangles must be placed on a plane, the way they fit tofedier influences the area used by die placement 
and die ^d^ of die spaces left for routing. Pr6as and Owyn ^78] have retained a constructive initial 
placement based on cmiKctivity but place rectangles in a plane ntfier dian pcMnty on a grid. Their 
iterative improvement phase tries to minimize die area of dM circuit by selecting at die candidate for 
placement modification a component one of whose din^niimis contributes to die widest part of die 
layout in diat dimension. This component may be rotated, reflected, lifted, or exchanged widi another 
component. A modiflcation is accepted if die area is reduced. In (La79}. the inidal placement te 
produced by dividing a square of area the same as the total area of die oimpoiKnts into rectangles of die 



Fitwre Z.7: Traileeir of wire InHk 
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same area as the iiKUvkhial compoiMmts. This gives an affifcalBttKe pfacemetit which is modified to fit 
the actual components. lmpR>vemeats are made to die |>faK;»aent by uwig rcHadons and shifts. Routing 
is taken into account in die improvonent phase. The wkbh of eadi s&eet is estimated based on global 
routing and included in dtt area cateulation. Brinknumi (M^idso iumis die technique of dividing a large 
rectangle into smaller ones to find «i flf^iroximate j^aceiMAt 

Routing pn^rams for die mott recent systenu abo try to minimize area radier than wire length. 
Channel routers are u%d in ^78} and P^79]. Channel nuiterB are easy to vi» when area is^ die parameter 
to be optimized since local nHiting aitohnizra ittie^ wiii^ ^wts can be allowed to ^rink or expand as 
needed to complete dw nnidng. in [to7^ compmeMs Me idtowsd to take positions above die rmiUng 
area independent of one anottier so tttrt ««a is Mt waited mneosm^^ by aligning die edges of die 
cmnpoMnts. 

Wire leagdi renins an bnportant pva^Ner for a layout because it directly affects die quality 
and speed of agnals hi die cinmit. In a situation sudi as ttutt sNnm in Figure 2.7 where bodi size and 
total wire tengdi cannot be minimi»d tn ^ same dme. a ^Kieoff nmnt be made. In dim context, it may 
be decided diat wire len^ » maA hi^xirtant r^mSoiitf ^ renitog circuit size. At odier times, only 
a maximum wire lei^ mq^t be knposed on certidn inteitoniMClkMa in the circuit To make diinp 
more C(Nnplex, we m^t miagine a utention in which d» racj^fammmt was diat two intacminections have 
approximately die snne lengdi, say vHien two ou^MHi of one component are die inputs to another 
component In short, dw (terired naeawre fix die wolfa of a layout can be macte very complkated if 
enough factors are considered. Phyacal quantities may depeiu} (Hi cMher layout pn^rties such u die 
density of wires in an area. In [Agu77] and [RuT?], a syi^m is docribed in whkh total power is 
minimised and dming constraints Me observed. In (No7<^ connectkms wlMae delay must be minimized 
can be desi^ated "critical" and treated ^lecial. 
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2.2 Attctaate ^loacheKte Uiyairt Ji,v»omti»t 



The ^proaches described in Section 11 separate the placement and routing phases of layout 
The input is a set of omiponcnts -- either q>ecifted as points or rectangtes -- and a set of interconnections 
to be made cidier among the components as points or among terminal pmnts on the onnponents. Tl^re 
are alternate approaches in the literature where the t(^>ologicat aspects of layout arc modeled using gfs^ 
theory. When finding die layout of a circuit, placement and routing arc considered tt^cthcr by finding a 
planar embedding of a graph modeling the circuit 11k mod(^ do nM necessarily associate one nodte 
with each component Eadi component may be nuxleled as a set of noctes and edges, e* a cycte. 
Interconnections among a set of terminals may be modeled as a set of e^^ or a set of nodes and ed^ 
For example, the branch pwnt of a wire may be rqsrcsented as a pcrint under a Stcincr tree representation 
of connections. Several models have been suggested. A aimmary can be found in [van76). Grapik 
emb^lding techniques have the advantage diat plac^nent and routing interact ctmipletely at the 
topologkal level. However, geometry ~ die size and shi^ oi die coof^Mnents - is completely Snored 
and mu^ be accounted for sepszOdy. 

In die standard fqH>n>ach and in the gra^ embedding apfmiach, llie raily information ^xnit the 
layout provided by die input b die set of iKts. In an alternate s^^roadi totted m Stkk dia^^ans [Me^]. 
tc^logical information about the dcdred layout is also piovkted. In ^k ^affwta&, regions in various 
layers of die integrated circuit are inqiresented as Unes. Fm* »«nple^ in nMOS technology, a pc^ysiliam 
line and a difAiskin fine oosang represent a tntistsux. The relative positions of OMnponents and the 
general padi of eadi wire are indicated. The layout automaticm Systran must expand die "sticks" into 
rectangles of the proper dimensions based on dc^ nilcs. and modify die layout so diat (xm^KHtents and 
wires fit together witfi the proper placing. Examples ofaidi sysirans are SmCKS CWiTTJ and CABBAGE 
[Hs7S^. These pn^rams ^tcmpt to pack die layout ^ much as posable while s^fytng die doi^ roles 
and maintaining die original relative positions of annponents and wires. This technique exploits die 
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human designer's t^ility (q iki dvwatt h^mm, i.e. mof^ ^^ches. The program FLOSS [Ch77] also 
pacics a rough manual layout; it works frcm a hand drawn sketch. Otiier systems for which the designer 
does the general lay^t use a sya^xiMc r^rneotatioa of the layout [Gi?^, [Per73}. The symbolic layout 
is produced by the cosigner and ^pancted into a Atlly specified layout automatically. Other techniques 
for design automation use wpecuA ttnictures such m PrtHimnmabte U^ Arrays (PLAs), with known 
layouts. Functional speciikations can be automatk^Hy converted into PLA bnplementations [Ay79]. 
Special inteironnection patterns can ^ be enploited to ait^ in design (Jo79). 

13 Summary 

All of the above t^hn^ues have been developed to automate, at least in part, the design of 
circuit layouts. The research reported in this disaerti^n is restrkted to placement and routing as 
described in the first section. Atthoi^ many algorithms have been designed and tested, little 
madiematical analy^ of die atgorititois has been perfonaed. The techniques of c^nnplexity theory are 
not regularly applied to layout probtems. One notable exception a the wott of So, Ting, Kuh and otters 
([Ku791. [So741. ITi76l. |Ti78l. fT^T^ IT879D 6x printed circuit btard rouUng. In diis work, a routing 
problem for printed circuit boards with fixed vias in cdumns » broken up into several pn^lems. ending 
widi a number of instances of a routing problem for a row of terminals on a sin^e layer. The prc^lems 
are analyzed. Necessary and efficient c(»iditions for a single-row, sini^layer routing to be optinud are 
developed. However, the model is not well suited to int^rated circuits. The res^uidi rq>orted in dite 
dissertation also focuses on particular wlH>robtem8 of die layout problem. The problmis are mc^vatol 
by the channel routing model of interconnections. 
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Oliirt^^ MoMi fir Iategat#€iieait Liqmit 

As is evident in the discussion in the previous chapter. nuKt models of circuits for layout use 
points or rectangles to model components. In the rescaidi presented in a)apters4 dirough 6, we use 
rectangles. ITic model is described precisely bdow. In tiw second section of ttiis chapter, we describe a 
graph model in which ctmiponcnts arc points. We disease its use in proving bounds on the area require 
by circuits with certain intcrconncctkm patterns. 

3.1 Ilic Geometric Mo4d 

We have chosen to use a rectangle modd of c(Hnponcnts because it captures the geometric and 
topological aspects of the layout pit4}lcm. CcMnpooents are ro^i^lar in shape and \mabk in size. 
Wires lie on any of several layers and are of uniform width. The nradd was guided by the design rules 
presented in [MeSO] for nMOS tcchnolc^, but it is intemted to be i^^>licable to many techndi^ies. 
Formally, the model is as foUows. 

Tlie input for a layout probkan wHl conn^ of a set of components ai^ a set of nets. Both 
com|x>nent. Cj, will be a rectangle with given dimeiHtons Xj and yj. At ^ven locations on die boundary of 

a component Cj are terminals t^j. j = 1 n^, where n- is the number of terminals on component C^. Each 

n^ is a set of tcmunals, and die nets are palrwise di^oint Eadi net represents a collection of terminals 
which must be electrically connected. The layout pn^lem is to place the cmipofMnts m a plane ami 
form die interconnections :^xx;ified by die nets in die mimmum posal^ tfca. The interconiiectkmsciii 
be made in any of N layers, where N is ^)ccified a jmori. Ttie layers jue numbered 1 duough N; layer i is 
considered to be adjacent to layers i+l and i-1, fw 2:gi^N-I. TypicaHy. N is two. The wires used to 
interconnect terminals have a uniform width w. ITiere is a minimum gracing between wires on a layer, 
between components, and between a wire and a OHnponent (tf s. 

The interconnections form paths which lie on die »irface of die plane not covered by the 
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ccmiponetits. These padit go between notify A npile » »i^ifiw)f>l,ar f^l f(klii^aal;{mint on (^ or incHe 
layers of the plane. Each pa& i^pent between ^o mides has a designi^ed layer. The patlu induce a 
partition of die nodet^ftto^l^liit^ of connected nodes; each set c(»tains terminals from exactly one 
net Path segments in difTerent lax«»ina)( intersect. Pirth si^nents in tfic Scune layer cannot intersect 
unless diey-afeiN80CMtedlMi^fr«une net and intersect at a node. Ad4ittona] points are allowed as 
nodes so diat oKte wire m^i^t into several and m that a path may chah^ laydrs. A path may change 
from layer i to layer j, for any i and j between 1 aMl N^ ^ any node; however, tiiie nodCrmust lie on all 
layers between layera i and j. indusive. Ttte path is con^MMMltO'ttc m eiil^^f these laytars at tttc no^. 
Therefore, no pad) «MDciatcd with a difflnen^ net om HtHmei^ miiimm^'tttliliB kiyers between i 
and j. The set of nodes and paths in any one layer represfsnt ak en^^bedding^if a planar graph. The area of 

die layout is d)e area of the anallest rectangle on die pfap< wh% wltf^diipse all ccnnponents and wires. 

■■(,•-.-.• - - .-■, ' 

Figure 3.1 illustrates. 

The model described ^wve takes into acconht both dilfeome^ic and topcAogieal aqKct»of die 
Imegrated circuit layout problem. The w^rcs are ei^i|citfy givct width. The restriction diat components 
be rec^imgular b used soiely to somewtu^ sim^i^ l||^ prDblem<^«lSpeeiirfly tte emulation of fiee area fin' 
routing. We believe diat restrictii^ components to,i«ve.rQctanfuMr shinies i^ll provides a niodel diat m 
applicable to die layout of VI^I circu^ For dio^logicd crnnponmts whose layout would All only a 
small portiot of a mstia^, e^. '*I."-diiiped layoutt^ k nuqr be i|»^te ftr tteak ^ ctxnponent into two 
or diree physical coin^pmiMlts with ra(M« fK^yj«ctaiigular laymril 

One of die advant^cs of die nuxtel is that ir1l jplitilllll tn various te^b of modularizati(UL 
Components may represent trans»tors, k^ic gates, or even aridtmetic units, altowii^Miy oiaceptual Jevtd 
of design. A hierarchical afqiroach to layout such as ^ tned by Preas «id Gwyn [Pr78] can cmily be 
taken using diis model. 

Addidonal parameters can be allowed as inputs to die layout proUem in this model Upper 
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Mgnrc 3.1: llluslnilioii of tire geometric niotfd for lajoitt dcsigH. 
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bounds Qii t^eMr^mi wi4tfe«r tl^ tptiU aiea in^ by ^ la^fmimm/ be given. AUemaimly, a bouKl 
OA tb« a^i^l F9|io. U, ^jitipc^^ l||i|tb|«tiN wWt^i^^li^ biyquliiiCMi mayheigiven. 1^ wooU 
restmt Ae^u^w p£ the ^pit A«f o(,|^ ^^lgMtrfmrrl»4^^ tawrc thi« Ae teyott 

pfochicecl Js u${i^, F(H^ ^UNI^ i^lfiiQie %n«ii^nfpi mmmMmimti^K^in meurmuAy hxigaMt 
thin chip. The ^ape ccHild prohibit Ok g^{«»ii»i«r{1^|Nl^Mipw #4h«^tp. Aat^Kr posdbtl^ ii 
th^ tb« cincuit \mi&$MAmtii*Psm^gmm^f^M^il^il^^ Vmmi^. HiebtHindi mi^t be 

derived &pm rc^iisfioeiMji^l^ ^gbf^ teMel[< llfipidi;iu$^ m^smpm^ifMmaisietmluUommi^hm 
wbicb the alpritlim^(Mild wtiric. Ijtifr alia|i0i9ib|e ib JiUfiiitHgc jwtfl|j^g^ ^quireineiMi to tte Ui^oat 
piubiem. Mmentoied mQm^X^mMi0^mmii^im^^iif^ tmtividudflett 

Biay be jiveo upp«r<h(^iA|l mP^Mfi'if^f^hi^^ (Wm» lea^ caa be 

meiHMFedu«n|,(N center Uw^lhiCWih « w»e^ JNlMi^qiliyp^^i^^ varioai RMS 

mayiriipl)«wapiKiiPd. 

In ttts IbHow^chi^ttepp^ wf witl pot mtt\f&i^m»(^^^fp»i(^ liowiitt aitwived wiftin Ae 
above model We wtfl i^^iict^MmM^eK ta pscGHimar pf0mm^'0f^m§maimdmt»v&mt Isf ^MnpoMtti. 
Dif9($ioiis "hofifmital" «Ml "vectf^" p^iieniMei^il^eas^'at^ wWrbe^oiea^^M^ 
wiU be traced so thA tfa^ir bowi^iies api^ ipi^ {t^H^«i^rtNMk4h9^^ 
cw^oscd of hwizomal and verticM sf^RMittt. HMs jptription ia ippwe d fmimo reatoot. Fvtu die 
prabtena euusuwd ace AM^valed by oiReMly wwl tai^ptf^ jlgiyitlifnfc As ^aewed in fee p»i4oat 
chapter,?fee {setilinear metric nab^tt^w^rsuial^ |l«^Rlk ^cpHis^ ttmKt»d« nimihar of peiiirte 
so^itfkms and makes the ^vMems mi^p MiAnf- MfiMifif Ae t^p^we^^ite rtstmt horizMtal and 
vertical vegfsm^taMm^^^^^ivif^ (M^mj^imkhiiommiiik^^^ 
beii^ u8e4d<isMWwpti<»iwtoitIy^M«adygteBpttft»lN^ 4 t w>^ ^^ attowiwbte p^^diMe tiiat nay 
intersect at a point (Hit do mg over)^ ^ is reasom^iMAOK^l^ tvi^ li^^v »e an^abte. In diii caai^ 
two Mim^te mnninim jpmiMm^^Sm^h¥9t%mmmtm<^^^1^^^^ any pafe ftem 
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cftHsing ftom me <idc of ttKsr a^n4»n 6) #ie ott)». Any fNM-i^termtn^ otxem eadisidedf^ 
t^meitts, whidi nwft be &mmaeA «M tes0t • |MM» iMt^foes »ou^ tfie {Ktraltd ft^nems. 
Thraefore, one woiM nrdy ««M«U£ii ifegtn(ni& Alio;#^ sc#f»mtt nta^ 

oitfie doxricai pn^ri^ ^» td ;ea|»acttant». KMlFietf^ a^ttec^ bq^ tcr tcnitani segoMmti to 
peipeiBMcui»r^ecttotti^iniaites6iCie|wtft^rt |w^^ 

There are acv^d tedmiod aqieets of Hm^ tiyoM pMi^SetK tMdt Ite ttwdd d(«s not take mo 
xxovmL We i£sc«M^se Mow and ifl^eittt#9ir tfie tM(l^ cM^^ iitdude 

them. In xxxak amponent iletttp; a ciMnp^eM may li«i« aev^y teirniitiab lo which a pankutar 
ocmnection can be made. These vsmmakiimM^httmstM^fi^tMt e^M^at ie* ^K7 are ronnetfted 
inside d^ component, (w 1ogk»Ay ei^ivat^ tt. ysif^^ti^ «eff«ilenr't|Mirt NnR^kjh^. An example of 
logically cquivaleat temitf»ris1s the set^ tapw tnmlnalf^ (crfwr *««!" pit. The prabkni of (kckfli^ 
which temiioal to use in connecting a particular net is called the pin assigntnent probt^ fbr printed 
(^cuitbo»-ds, asa4is usi»Xy solved beftne a lOBtingii^iWlM isridiMi|ni^ fldtfi|ihysk:aiiy equivalent 
and logicaHy ecpivadoif termim^^m be ffiod^ed n seis (^ t^ifiiniK A set of effui^irt^eirminats. 
taitor thM an bi^vidu^ t^minri, wootd tHi a men^bei' Of Ifte ^t defining tnet A set of i^y^^ 
ci^ivdcntteiminab would q^ev in only ime net. «^i^« «Et of ^j^eiMy eqdhfi^t tntitfaudi would 
a^ea' fli sevrn^ nets, birt no nm« nets dm die number e^«»tfiHi^ In the set When layout is 
ceoi^^ ea^ set <^ ineert^neetod teiMiiift fnuM^joeriii at ^fi^ 
kigicafly equlvateBtiramina^ '^b«odel^e«|U{¥alentfeiMA^^ 

tn fn«%t«led ctnarifit, layen m Aiade ^^ AfRnttt fltiH»»i%^ itii^ 'dffl^mbt ^e^ rules inay 
apfriy. Altowing die widtt Swires iMdseptmKilnfbc^M^ efejec^ ftHiirf lietween laf^rs is a nrinor 
nradifKadoR to our ittodct, iMkoui^ Ate «esMtiQg llyiMit 1^^^ 

rules fw various foy^s can be jiKffe complfcatnl^Mn ttie tttdM wM Mbw. Per ocmri^, itt nMdS 
ted)iH)]^y {Me8(% wins in difRi^en and polysiUctm layers omndt cross. 1%erefere, we model diem as 
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ooe kiyer. However, *e MM»om 4islMice between two wires on eMier pdysiticon or diffu^on b 
lUffeeem fhmtfte m^wii diilH«eti«iiraeR wii«i«f^i^^ for in our 

model We miMt me Ae toifttt i^tti acttuM ttqutoed t^MHMeM ttKCMy, tfie me^l layer in iil^fOS can 
erotsbodi^flMonenipoMHieM mim, ifke^iMei^Wskfm^'iS^ 
would net be admired by ow ina^: two taycn couM%e Met for iRtetccmncction, Init a coik^ of 
"colori^" wiTOft^ eedi layer aec(MiM«|io die de^ nitet woMtliavett) be iMdtd. Anotlier design rule 
wiik^ we iMvc not aosMHied fo#«Qii£cilweto^in|%yerii Wt^ti #^ changes layera. a 

coittKt cut muat^ IM mOs^J^mmtw iiyeri tMol#» M fllai^Mg hy^^ 1^ ismitiKit cut requim a 
square wea tailor tta» die wi^fi^#ft Witt. "li^te acii^dicii info ieetitint fai durartsa calculadbn. Even 
wone^ some wiras cm • .^u#;uki- iiyw ii»iy be signlfeMil^^l^^ sune teyer. 

depending on the elecuical to^l on die wire. For exan^le, die wires supplying powerto a faige circuit 
uKia^ look Hk^'die huMw aHMM' lyMili: dM« i a iMfK ii»i« wire imd a MeHrark oF wires of 
deeraoi^B sijp<«e«cMeg n«y fim df the cinmit. We^MKifiriae Aat cur eifi«M ov«rldd» aianj^ ctetaHi 6f 
aetoA laywit des^« bat «t ^ »ai it to « roaonalte^vpMbiiallMitf^e in#w iMn fn dW; teyotrt of 



3.2 A Graph EmbeMiv Medd 

We M>w cNciw Ac ittes of a mo^l in urtiidi a eir^te to presented as a ra(^- Wc caH dito 
model die graph emlMidtMng wMifef. Bad) Gompoflent to Nv>menied«i a node in die circuit grafrfi, uid 
eadi conMction to be aaadte to f«|MeieMed ^aii^dge be^eim twoMdes. ^Hie-fayottt pr^^m is defined 
as Ae problem ^(Mtficdding die eltailt |ia^ in a two-iitaRefnhMitf grid ip^^ An embecMing rnqn 
eacA node represcmdiig a «^Niip(^»M In a ncKle of die ^. This nx^^tgk oneto-one. Bach e<^ 
r^esenti^ a connectftMi to m^iped to a pafo in die grid grsflr. IMiiMdi mtt orty contain two grM 
nodes «A1di cone^ond to compen«tt nodes •- dXBe ttnt oorKA^Kind to^die«idp^Midf die edge b«ni 
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embcdded. Faths «HTegx)Bdffig to d^iact faE^ ai« attowed to tnieanct at (rid nodes Init are not 
allowed to use tt^ same grid edge. To make 9udi m ^rd}oddii^pofl8tl^.:«acfc node in tfiecticuk pe^^ 
is re^ricted to having at mott fimr edges «^acirat to ft, U, k ii fcMieiNito b« M dfcpee M naost four. 
Such an embcddi^ \& an ec^t^i^oiat homedaKHphic enriieddjmg. Gtv^im apl>e<kl^ tteie jtfe«wo 
measures of area which we wilt tise. The fiiBt» which we wttlc^ithe fKNie«sMMd deoole A^, is acow^ 
of the number of grid nodes used as imi^psof compoof^aiidon pmhs which are magcs^edses. Via 
second, called m-/a^g/e areg aiid detK>t«d A^. is the mt^beti^JMdesiSoBt^Qed mafecU^e whose 
boundaries lie on gnd edges and which cifcumsarihf^ all mdes. iised «i ^ emfeed^^ i.e. jdl oodra 
counted by A^. For a circuit ff^, C. let A^Q and Aj^iO 4eMie«ibe nmirawn mide «e« md 
rectai«le area, re^)ectivcly. over all coibeddii^ of C. ObvicMisly. A^C) ^ Ar(G). Ao ontinddN » 
^M}wn in Figure 3 J. 

'Ric mo(^ presented aljovecaii be vN:wcd^dc9CTJNfl8 a layouft yiuidi wks (»ily teodsmitaiaDd 
vertical wire segments (sespiciits m th« two srid <Hr(x?tioa»K eadi db^ctioD tm a s^ar^ 
yytematiycly, the mxtes of ^ frtd may be v^wed as Je^fi»enti8g unit iffMS^wnstn apt^ie. Eadh 
grid edge adjacent to a node r^rescnts a boundary ofttie oHre^ponding square. TwopaAsi^c^'ttpa 
node need not actually intersect on the plane ~ they may run diagonally, cutting across (q>po$ite comers 
of the corresponding square. (See Figure 3,3.) Thcsnpson rThSQ uses a model of circuit layout which 
divides the plane into siKh unit scy^^ar^ He views G(»nc0oB8 as Fuoni^ piteiaf^ in astn^ layer of 
nietal. Crossoversare achieved by i«flig ^Km runs in a sectwd la^aicha»p(^n^efHi. 

The grai^ embedding fl»del himps ^ ^nii«^ of a ooi^^ieHt into we ptw^ The 
point-to-point connections made by wires Mepre^detemiined and ««f>iescnicd«n^i|iar^ !«' thectro^ 
If Steincr tree interconnections of the terminals arc deitaedii^ brandt^WMe^, these mast be explickiy 
modeled in the circuit graph by adding a node for ead) branch point and ed^ from eadibfwc^poMlo 
components or other branch p«nts. The aradel does not n^Heient ^ «ea««)uir»i by compoixnits er 
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Fipure 3J: KmlNNlitog a tmpli. 
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the fact that terminals have a specific order artMind the cmnponenL Thi^ drderfat^MS s«ne nMitu^ fiw 
the graph embedding model to be impossible in die getmietric model (see Figure 3.4.). However, the 
model is very useful for investing die implicaticms of i^rtain inteicmineciion pitft^ms. 

When node area is uses, each circuit iiode i^otributffi^^pipi^ (Hie untt Jof area. Therefore, any 
circuit grai^ wiUi n nodes which rcqi^res mtm Aan 0(n) arealmuSt haj^^' an inc^rconncction pattern 
which requteMatoi^aeeato^ route. "Lower Iteunds on tlM! aiiKHtitt of area re^uiRcd by a graph, are 
proves using tlisme^trc of a^. ^tot{rdlatanyk}werbotladc«%deJ!«aisai^rilrb<^^ 
area. Hionpsonfrh^ provcsa bwer bound oa the uea required to Mfibed a ^^h as^iJuDction of the 
minimum Wscctioh ^iBi of a subset of fee noK^ of fee grai*. Oiv^ a gni|^ G and a subset, S, of fee 
nodes of G. a set of edges iaGLbisectsSitdajnwMWal of theaee(^partki(m8tbejiDd«»of Giinti^ two 
sets such duU ' H 

0ys|/2J offee nodes of §pe VI (M»jetae#f^^'l are in fee other set; 
ii) After removit^ fee e<^^ diere are no pall» between asAss in (liferent se|s. 
Let Wj, be die sixeitfihe amSkak tet of «^ bisectu^ S bi G. Thm: 

Theorem (Thanpson rthSQ^: Given a gr^ G wife n<xles of degree U mogL jfeuf. ^arsubset. S. of fee 
nodes, - -^ . ..^ ^.-v,,., «., _. . ■:,;;---:. >..~-'' ./-r^.. 

A^)2:(wsV4. 






Proof: Seefrrt^ 

An n-supertoncentruior is a graph wife n dca^iated in||ut nodes »if( it4esq$i|^ ouQwt nodes 
such feat ftff any JBcts ©f k hiimt no^es aqd k aitput nodes. l|^k:gn, fe«e arc k noc^ di^int pafes 
connecting fee k inpM noctes to fee k (Hi4>ut nodrafVjOTS]. Fo^ s^^eifj^put no<tes, I w, 2^ Ln/U . 
TTicreftffe, for an^ n-»i{iere(MiccntraU>r, G, Aj^(G) ^ (n-l)fVl^%*|^ for Miy n. tiicre are 
n-superconcentrators wife 0(n) nodes, all of bounded degree P*i771, tfwre are graphs wife n nodes whidi 



- i^ J:."t4-J-- - , „ -, -^^t - -ffo "f" . -f ' i -is^^ ■«r -^■'?^'^S$,-'l>#«-riV*^ -t«-%'??s :■ — -" ■ - ■"■ ■"-"■ ■■^-- ■ '■^■" ■ -T^---^'^"^?^-*--- -■-^-.■4.-^K --^^ 



'33- 

require node area QKn^)- Note diat alttim^die mp^eemmtBtfiem In p^^ <to not have degree at most 
four, it is straightforward to reduce die d^ree of each node by wldbig a node for each edge. Hie number 
of nodes added is dieti bounded by die a^inal number i^edges. Figure 3.S ^u^rates. 

Thompson ^ <tefines average and worst case inform^rtlcMi complexities of a ftincUon. He 

derive a lower boui>d <h) the aven^ or worst case time reguired by a graph t|) compute a function: 

" ' '-■ ^''\ - .1,- . S^- - ■•■■■■ '■—■'■- - ■■ ■ 'A 

average <or w<M«t CMe) time ^ 
(l/W|Maverage (rei^xs^tively worst c«ae) information cosiptcxity of the function) 
where I is a ^)ecial set of input noites in die graph. Combining die results, Hiomi^on obtains a lower 
bound on A^x(average dme)^ for a gn^ih which computes an n-point discrete fourier transform of 
Ln/8 J^log^n; he deri\ics a lower brand of (Kn^logV) cm A^x(wor8t case Umc)^ for a graph which sort n 
numbers. The reader i^ould refer to fTh^ for ctetatls. Bouncte for othel' fonctions have also been 
derived by various ai^rs using Thompson's techn^ue. 64. [AtM^{iSav79|. 

Ui^MT bpiiadi ca^ ^ be obtained on die area to embed varkut dasKS of gr^hs. Upper 
boun<te are delved for Fectao|ie uca, A^. Any such upper bmind te ^ an upper bwnd for node area, 
K^. F\m observe ttiat any grs^ with n nodes, each of degree at i|R)St ftAir. can be embedded hi 
rectangle area at most 6n^+3n. We give here a modifka^m of th^ proof presented in [Vat79]. This 
modifrcation improves die bound fhmi a (3nM3n) square area toi (3n)x(2n+ 1) rectangular area. Since 
n-superconcentrators require 0(n^ area, prt^rtiona) 4ft b^ aieft is bolh aeonntfy and sufHciei* for 
embeddii^ an n-»iperc(Hicentnrtor. 

The embedding adiievi^ rectangle area (^ at most 1^^+ In h aHowti in Figure 3.6. The 
directions used below refer to die figure, llie nodes are embedded in one verUcal column of die grid -- 
one node every diree grid points. Tliere is a column for each edge, cither to the left or the right of the 
column in which die nodes are enriiedded. The path representing an edge must reach die column for die 
edge from each node representing an endpoint of die edge. Therefore, each path includes two horizontal 
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t^ure 3^: Rc4iidi|g4lie «Bgret of mmIcs i»«SMpefcanec»»itafe 
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Fieurc }^: F'.ttik>4tf}i}K tm »rMrrtirj> Kruj^ in f^n^) urea. 
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segments between the column omtaining (he emboiideimie^md the co)u«iii l^r-the^lie. The ^ 
(last) segment of the path is cither one of diese segments ot a vertical ^t fn»i the endpoint of the padi 
to the grid node just above or just below it If a vertiad ed^ b^ns d» path, die horbontal segment 
going left or ri^t fnrni die second node is ised. ^ ka^ $» dif e<^ of Ac circuit graph can be 
partitioned into two sets ^ thoisc whose columns ar^ ttiejicft o^Uie nede a)iumn, and diose whose 
columns arc to the ri^ -^sjch^at ^ KicKt ii^iS!^Stigl$f^m. td a ifd<|e are in the same set. jMij^ an 
embedding exists. The edfcs of afiy graph wbeffr n^dil vit ^^tegm^mtem. ^sur can be colored ii^ngat 
ni(^ six colors such that io two ed^ a4Mcc4lo tt^ sfflaelKide ajie jfiie Jsiwue a)lor {Bc66. ^0^ Let 
edges widi (xid numbered colors have column^ to die left, Ind drase wid| even numbc^ colon have 
columns to die ri^t Atmostdtrceec^adSaeeflttoano^reonlthcs^^de.Mde^ied. Since any 
graph with n nodes, all of degnse at m^ ^r, can have it mo^ 2n eiltees, ^rc arci at most 2n4-l 
columm. ' £ ' 

Other classes of graphs c^ be embedcl^ iii%l^llii^ Q(b^> itfea. Valiant {Val79j and Leisers(m 
[Lei^] have independendy shown diat ||veft a ^^eqph Q widi | node% each pf degree at n^ost four, if G is 
planar, dien A^(G)^ 0(nip8^): if G is| tree, dien 4t(G) i O^n^ VaUa^ actuatty diows di^ »i 0(n) 
embedding for a tree am be a(^ievcdi^t}lS«t|nM[t||fpli#lo^^^^ is an i^n qoaUon whedm- 
there is an n node pUmar ^^ which requires flliAiv^Tai^ Le^etaan ]Htives a general result which 
relates a s^Htfaitw &eofiem|p«-<afty da» of fcajplttr^ an up|(«til<«pt|i fft^JW^tlPgie area required to 
embed any gr^ of die clan. 

The result whkA we have reviewed above illustrate diat die gr^ embedding model is useful 
for proving bounds on layouts for partteular classes of gnqrfis and for proving time/^iacc bminds Ux 
futKtion implcmcntatran. Using it, we can identify e%y and luutl intcrcixuiection patterns to route. In 
the rest of this dissertation we will be intere^ed in algorithms to actually do the kyouL l'heref(M«. we 
will use die rectangle model described in Section 3.1. 
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CNq^ 4: Ci^MMily tf lji9<wt PraMnm 

R<^rflte« of die exact foimul^oa of die Uyoot fmHiiefn, we arc interested in finding an 
eflkient algoridim which computu an opthnid layout If diis h not po^iblc, we would tike an eflkient 
algorithm whteh coti^iutes an optjmiri layout mud) of ^ time and a ^)od layout the re^ of the time. 
This jdgorithm may actually be a arftectkm of iri|orithms to lolve suhprcHjIcms which together give a 
layout Again, we would like the algoritiims for the subptoblems to find solutions cflkicntly. However, 
most problems associated with cifcuH layout are NP-eompl«e. The definition of an NP-complete 
problem is given below. From a practical point of view, the NP-completencss of a problem indicates that 
it is probably impoiaMte to find an efficient algorithm which s^ves die pv^ton. 

41 NP-CoMpliteMftiwd HMiMfetlltMiltaMr 

Two major closes of probtems in complexity dwory are the classes P and NP. A problem m in P 
(NP) if ttjere is a deterministic (nondeterministic) Turing machine and a polynomial P such that the 
Turning machine drives any instance of the problon widi an input of length n in a number of steps no 
greater dian I\n). The length of m input h the lengtti of its repreientatlon as a character string in a 
predetermined chwacter set We will not fbrmally define Turing machines here. The interested reacter 
diould see [Ah74]. Very often, a nondeterministic Turing machine solves a problem by "guessing" a 
solution and testing to see if itt guen is actually a sohition. When die probten of interert is a 
minimization (or maximization) problem, it to refomiulated so diat candidate sohitions can be tested 
independent of each odier. In die new pn^lem, a parameter k to part of die input A solution to die new 
problem to a feasible solution b) the old problem for whk^ die quantity to be minimized (maximla^d) to 
less dian (respectively greater diati) k. A feasible solution to one which satisfies all requirements of die 
old problem except optimaiity. For example, if die original pnrfilcm to to find a minimum area layout of 
a circuit die new problem, given die circuit and parameter k, to to find a layout of die circuit of area leas 
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than k. Under this fonnulation, a t»^We sediiioRem be t^tod i^ dq)ending only on the 

feasible soluttm to see if it is a solution. When Uh; minfanization fonnutation of the problem is used, 
feeble solutions must be compared against eadi other to ff nd die actual scrfotions. 

The number of steps taken by a determini!^ Turing machine is pdynomially related to die 
number of steps taken under a model of cwnputation tfiat corrcqjomisi to die instruction set of a 
computer if die kngths of numbers qierated on is taken into account |Ah74J. Iljcrcforc, any problem 
which is in P can be solved in a poiynmiial number of steps by an a^ridtm in a high level programming 
language. The number of stq)s executed by an atgeridim s referred to as flte time taken by dw 
algorithm. We would like alt dtc problems we need to solve to be m P. 

ITm: question of whether P = NP k one of d«: major (^n questions in complexity dieory. h » 
believed dwt P st NP. Problems In NP have been found wlmmlae^SkaaMftMP^^kBaptim^i^ a? P, These 
problems are called NP-comptete problems. A problem is A?P-Aafrfif for each problem in NP, dierc is a 
polynomial P and a transformation computable by a deterministic Turing machine in a polynomial 
number of steps whfch transforms an instance of die problem in NP with an input of lengdi n to an 
instance of die NP-hard problem witti an input of len^ P(n). An NP-complete problem is one wWch s 
NP-hard and is in NP. ITiere are no known detcrminisdc algoridims for NP-complcte pn^ieim which 
take a number of steps polynomial in die Icngdi of die input lite ^t diat such well studied problems as 
integer pn^ramming and die travelling salesman problem are NP-ccmiplete ^ar79] strongly suggeite 
diat NP * P. Therefore, proving a problon NP-cwnpl^ is very stroi« evidence tfiat any al^ridim 
which solves die problem will be time ccmaimtog. 

The most common way to prove diat a problem is NP-completc is to find a reduction from a 
known NP-complete problem to the new problem which can be executed in deterministic polynomial 
time. Then, since die composition of polynomials s still a poiymmiial. all probtenut in NP can be reduced 
dirough die known NP-complete fHoblcm to die new pn^l^i hi determinestic pt^nomial time. 
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When a prc4rfeiii baibtra pnnvR NP-coR^lim^ tfie usi^ course is to try te And an algpridim 
*hk* nin« m pdyaomkil tinw a«d fb«& a ^^on muK^tte thw. When the prtrtjfcm pmvm 
NP-omptete ^ 4Mt fomitmnimd y&iuem of «»^jptertart«i prefetem, an algerithm which can find 
solutitMis elose to optimal, if not optimal is deared. Heuristics are developed which can direct die 
aigoriibm towanis a good aehi^Mi. When^ algoridiat it learcftiitg dirs)^ a large (exponential) 
ttuffiber of pos^le soh^oM, ta^piitties remove teffe mmMins (^ possible solutions based m At 
likclilwod diat none wiH beviptiffi^t^tiem. 

Very often a heuristic algoriUim is tested and validated by empirical evidence. AM of dw 
algoridims discussed in Chj^r 2 arc heuristic algoridims for pla:emcnt and routing. All have been 
judged by comparing the solutions they produce to manually produced solutions for die same problems. 
Th^ea^evidirat are dtocom^iid ttf^cwhofter to|Mtir«i(^iMirtfi#^ dt«s^ heuristic 

algorithms for (^timization problems are judged by dte ntiMmitti^ ©f tos scrfotienS *ey produce to 
optimal solutions. Consider a layout problem in which minimum area is desired. Let area^(C) be d»e 
area of Uie layout for circuit C ftnind by a particular d^ridim. l^ area^pjCC) be die minimum area 
layout of C. Then define die worsi case perfitmame of die algoridim, (tenoted wc,^(n), as die maximum 
over all circuits of size n of area. JC)/area IC). Define die Average case performance of the alff>rUhm, 
avg. (n). as die averse over all drculte of size n of area^CQ/area^pjCO. where die average Is token wltti 
respect to a predetermined distribution of circuits. Tlie size of al*i«»lt-c^bedi^i«d in vsMrlous ways 
depending on die circuit model. e.g, die number of temunids, or die sum of die number of components 
and die number of nets. The size should be defined so diat die lengdi of die input qiecifylng die circuit 
to die algoridim fis polynomial in die size. 

Average esse performance is more likely to correspond to die observed performance of an 
algoridim, e^jeclally If die avcrt^e Is taken over "reallstk" circuit However. It is often very diflkult to 
analyze. In diis dissertation, die analysis is limited to wMSt cmc performance. If a lower bound on 
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af&^sa^mwtm ^oiiad w iwe^ c«n be^^cdved. m iq^ra lioi^ on ivc^ can be ibnchided. 
kle^iy, a bomd of Hi for maH t is dosmsd. l» Ra%. «e «e luippir widi a^ coostntt bouad. 
However, itf will be wen in Sectlen 4.4, evm ciwst»ttibaBitdtiiu« iiot acbieyedl^ soiw conMnoa 

in the next section, wc wW review hi!-«ampkieqMe>^miiSffiir^#9ldens tcl^e^ li^fOUL. fa 
SectioH4.3(, we m\\ ixmidet tito 9abf«xltit&a^ dot ti^ are b<^ 

NP-comptetc. In Section 4.4 we wiH amdyze a heur^ic aiinttNlR&icoiwi^ dte proMeaw^nm 
NP-e(Ni^ctc m S«»ioa 43. 

4.2 PlacctBcst and ReMfa^: NP<conqriete FormArtiiNH 

la dm sectien we consider die ca»^h»t^ of die |8oliii^i«w^« firem ^ dieosmpgt^km&( 
tbe layout pnoMem into i^acxiiKut and foMtatg. 



4.2.1 The point model: some kaewB icsaits. 

First consider die pbcement pnrirf^n used for printed circuit boards and iOaiKiard celk Recall 
diat components are modeled as points md msA wke iei^ te tte qumdty to be minimized by die 
layout The quadratic assignment prt^han is one formulatifMi W^m^ilHtt: 

Given: Locations 1 d)Fot^ m and distant matrix .{d||,i,l i^l^h^m) between loc^itiomi; 

components 1 dirough n and omncction nfuttrix {cJ I :^ ij :^ n} between components. 

' .• ' ' >■ i.jt. - ' • -• \ . . ' ' . 

Find: A (me-to-one m^)pii^ p. of oHnponcnts to locsdicm sucli ^ 
CXjyiXp) = aim over i^j from 1 to n «3f (Mpdj-m) ^ nAaiBiized. 

Sahni and Gonzales ^M6\ prove diat d<c parameterized quadi^ a^|;nment prc^lnn is 
NP-complctc. In fact, dicy prove diat unless NP = P. diete b no ^im^natfon algoridim f(M- quadr^ 
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assignment for which diere is an e > Oinc^Aat (br lA^MM^wortheptobkan: 

T!ie pnKif doM refy 0B bntmeft of tfM pN^^ vaftiet Cy groieer diat en. 

CcmMer^ify taMiaQemortflcfNFOMelii^rvA^ th^t^^M^ range of values. Hie 

proof ^attfie exi$i^n»e of an «Mp)MKliluiaMt jrigeMttMi l^^pMiN ^Mtii) tif €OS^r|p,^) to COST(Popt) 
is rte more duM^^ 1 % e wipiin MP « P i«9 WHI^Ii^b#' ilWtr^towever; dw problem is 

NP-completc as lung as the c. are aiicwcd £d take on die Virtue or 1. 

Itie quac^^atie ass^mim f roMsift k a IK»>ftMiUMt ofiic pla^etAent prohfem in which all 
poiflt*ti^poin£4KmMetiQm we spiiHltid. tHe eoK ey'i«^^««^^ nuiiAer ofeonneetitNis between 
arnipmiente i and j. V» disttwt i^ li tti6 eiiiiiiig»swp#ll^'wfiH»'^j^ n@(NI«^ tcrmhials at 

tocatioet k fflid h. If a pAacctn^iMftMki ftxrnMitt^S^ fei^ ofwirefieetfed 

to connect whde nets is used, die quadratk; assignment prt^lem is a special case in whk:h all nets are of 
size two [SahSO]. Therefore, die quadratic assignment problem reduces to diis formulation of die 
placement problem. It fcrflows diat diis formulation of die placement problem in NP-complete. 

Let us now turn to routing. If a Steiner tree in^ctmnccdon pattern is desired for each net, dien 
even finding die connection padis for (me net te NP*comiMete. Formdty: 

lie ^^wr Trae ^roMtn 

Oivim: A sf t of pdnts, P. in the plane w|^ int^^ cfK)i#}«i»(. 

Find: A set of killer pt^ts, Y, ndi that the mlrfflfMUfflei^^r^nntagttiee of PUY is mhiimid 
over all scl3 of int(^cr pount^ cpQtfining P^ CkKr i^iwe jneseui^l^f d^^ be used: 
(i) The discretizcd Euclidean len^: r((Xj-Xj>^+(yj-y2)^)^1 where (x^,yj) and (X2,y2) are die 
points, llic problem ts dicn die CNscretined Euclidean Steiiusr tree n^oblem; 
(«) 1^ rectilinear iiie«ifc:|xj-X2J + hfj-yjf.l^*««*«'*«tl^^ 

For either mcbic, die Steiner tree problem is NP-completc. If die standard Euclidean metric is 
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uscd. the probkOT B NP-lMB4,#^fc««*k«9W»lB^ltttff 1^^ 

The minimum spanning tree w^f^ fithei Ricinc q|ft#f:i^vi!d in polynomial time (Ah74|. For 
the te(^liiu»c^trk, the lei^th of tf» ja^Bw^w jpwnijilirgiife j» ii^tt 3i^ 4iieJmg^ ig^ a wwtoi 
Steiner tree {llwTSJ. Ttercfore, an|r a^pittpi {o AvA^^wiMki foflg^ VHnmn^ 10^^ ii» a hetfii^ 
al^Hi^ for fiiKl^i mtnirBum kf^ ^s^i^jmm0Skwm'f'>km»:P0MiW^ 
1/1 A 4iseussim «f hcuraittc a^foritf^s ^ |tK|l$i;tWiail INnfflE^iTiy^ Pigc^kiRif am befmrti in 

llic abme two prpt^tems ^f^y ,ip ^ |w^ of b>j^ m vi^^.«(3iPPG«i»4$ «re {Mints ami 
minbaum Ic^A wiring is #^r Q&^p^iol^lmmj^mi tm^^mif^»^il»iWTCea^im,Tm^'t> 
^Wi duw that a via ass^opent |mA4(«»«nciMwte^ ^ 4i«ir^;pfoaii^.t^i« is NP-c<mvl^ A 
ummary of a nuti«ber of NP-ceiiyk»e^q^^a{| g Sj8< y t ^e# wiWl #» 

4.2.2 The rectangle MoM: a new icndt 

The above NIN»mplete results do not direc^y af^ly to the mociel of layout in whidi 
(XMnponcnts are rectangles and minimum area is desmxL We shall now prove that even ^ithen no 
interconnections arc needed, the placement of rectangular components to minimize area is NP-complete. 
Since diis is a special case of the layout problem when interconnections are required, the more general 
layout pr(4}}cm is NP-a)mplcte. Tlie proof we present below <k>es tmikm'iomeimtimmil^ioa& in 
addition to those pven in the d aer itHh^ Af cMt' ftddet W. Oii^tar 3. j^f eadftttwmetits and die 
ciecuinscnbiag rectM^ detcrminiag ^ afea mtMt be oripBic4-sQ Uia^ msia of thar sides e in the 

^ > ' 

direction of one of two perpendicular axes. This does pttt9ome reMcdeni on die placeinents allowed 

but is consistent with du: conccjH of "horizontal" and "vcrticar being special directions which wires 

. ■ ■ • < • , .1- r V-. .■• ,\| , ■ ■ ■ 

follow. Weafaio restrict all points md dtaeqii^ t^ b$^m|^er;viitwpd'a%^b«t4}e pppbtaffifawdiscr^ 
solutimis. 
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ProMi mi rtr niirtnfi JMWtMitli mi Infwri'nitwiiwtiiiM 

Given: A Kt of n reetanftes mi^ m ime^ir.k. I^l:£i^, each {«et»nj[^ r^ hm dimensions hj 

and Wj whKh aii poritive i 



C^esUon: Is diere a placem^^ of die rectai^^ (^ tMf plane widi a caitesian coordinate system 
imposed so di^: 

(i) Facii boundary tt pwatlel to oiM of ttK coofdinate system axes; 

(ii) CofBersof tte ^Gta^^ite ottM^ipe^tsio^i^^ptaBe: 

(iii) No twQ rectan^ ovei%; 

(iv) The iMHindartes of any two rcctan^ are sqjarated by at least a unit distance; 

(v) There te a rectangle in dfic pi«ie yMih dnnimscribes die placed rectangles, has 

boundariM pMidM lo ^ mm, mA'k'^4ii&^ m mett A. The ^xwtidary of die 

circumacribtng mts^^ te allowf^le 9()i|||^ lK^^#l#t of placed roc^Qgtes. 

Proof: Consider only placements fisr whkA die lowest leftmoM comer of any rectangle is at (0,0). All 
odicr placements are just b'andatiwis of diese. Hie coordinates of die lower left corner of each rectangle 
and die orientation of die rectangle. i.e. whether die side of length h. is in die x direction or die y 
direction, determine its position. Since die coordinates of eadi lower kft comer can only take on integer 
values between and A-hj-1, diere are at most A^ choices for each poinL A nondeterministic Turing 
machine can guess a possible plac(mient and write it down. Given a placement, conditions (i) dtrough (v) 
can be diccked deterministkally in polynomial time. Thte diows diat PI is in NP. 

The proof diat PI is NP-hard te accomplidicd by rediKtng die Din Packing Problem to it Since 
die Bin Packing Problem is NP-complcte par79], diis proves diat PI is NP-haid. 

Hiclto Pi^fam ProUcn: 

Given: A set of n items, eadi of size Cj a po^tive integer, also, positive inti^rs D and C, die 
number of bins and bin cipicity, respectively. 
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QucstioB: Is dierc m as^mieBt tilium»^mm HHMf fer eii^i* l^iPlttMiMR of c^ om 

Given any mstancc oTlhe ffin Packn^ Rrot^m, we wW OMUtract m iastuice of PI as faSom%. 
Thetc w» !» n+l raetan^cs. (^e. oHe^ R; «M !« trf'tta 6 tqr w. Wyi w = (2B-l-l)C-l mA 
h = 2Qw+I. The rcmaitHng rccta^ies wiH .Erectly ccHnespoad to items. Rectangle r. wUI have 
(&ncrsions b. = (2fi+})(^4 aa4 w. =? 1. The bovad «ft •«»«% hr A ^ j«li4-2Bw. Note ^atf die 
te^th of the M^wt to the Bin Packing Pn^jicm is Q(a + kigC + to^. The (fifficosioRS of die rccta^^ 
and A can be odct^ted taking no niwe dian pcrfynuoiiid time in thi&lei^pft. 

We «EHM show d)^ dMse ^c {Nteenwnt st^tsfyim'C'm^kmt^Sima^i^^ind mdy if Aeie 
is an ^signtifort of die kens toft 6^ il4ttm^ <a^s^i^i£i|»eli> tf ^ dr^ a bin packii^ 

Figure 4.1 Otustr^es a is^s£aiGboifffist^^ Mtany |AGanettsi^^^^)ifirei|gh|i^ 

corresponds to a hpl bin {>ackt^ F^re 4.2 wBI iHtiSlnie. Witfiottt k»s (tf gmcfaitty. let die dde of 
rectan^ R of dimoiaofi h be m die jf direction. Let "left" denote towards bwcr numbers m die x 
direction and "r^** dem^ towards higher nwnbCTs; let "above" denote towards hii^ nun^jers in *c 
J direction and "below" (ten<^ timards iowo- Btmib«v At my pant, ^ «mtdi of die kiyout m the x 
directiiM is strictly less di^ w+1. If not. dieo area ^ h(w-f I) = hw+2Bw+l > A. Therefore, id 
reclan^cs, r., mtKt He ^lovc or bdow R. None can extend a unk beyond die ko^ h sides of R. so diat 
^eadirectan^ some fine in die y direction intersects the roctw^ md R. No rectangle, r., b oriealed 
so d»tt to long side k in die y directioa. Odierw^. die dimcostoa c^ die circinmcritHng lectangte in die y 
direction woutd be ai least h-t-(2B+I)C}-I + l. where die added 1 accounts for die sqiaration between 
rectangle boundaries. Then: 

arca> w(h+(2B+l)Cj)^ w(h+2B+l)>A si?' o n iiittH^«M«tisfied. 

V^ nd^ kfifiwttdt^vectsi!^^ ik oriei^ 
Any placement can be modified ^^ly without iiKFeaa^ die itfca so tfaM ^ r. (xm rows i^ove asad 
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BiK now cmit^ia nsctangtcs corresponding to 
ium$ to me bin. Adjacent rectangles are separated 
^«ii tifta tfo^ tile C{ #tHe«Mitim to ^most 
C, tfM ll^ of ttM row ii at most 

(Z((2B+ l)cpl)) +(# of iwtangles in the row -1) 
bittiefew 



aam » #01+21^ « A 



Fipm 4.2: A paekiii gkM i fhctneot 
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rows corresponding 

if there is anytlUng here. 

the are^ is ^ targe; 

so all t-^ within brtHcen lines 



I reomgle the long way is too tidl 
resulting area is too laiie 
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dien may be ^- sat th« tep a^d at the Mton 
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below R. (Any r. and r. less than two units above or beioiri^ffi»at ic^wfii^ied #t)m«a(^otli^%y at 
Ic^ one unit to die left and right These can be idiiAed^^ W Ittftn die ikst rSws above and below ft. The 
next n)ws are formed analogously above the i^pcr b(Hm^nif t#tbe row above R and beldw the lower 
boundary of the row below R. Fipire4,2 Ult^tntes.) Each row of rectangle can be comidercd die 
packing of a bin. If Uic rows corrc^iond to a legal bin padHiQ, we are done. Supfxisc diere arc K rows. 
Then the dimension of the circumscribing wsas60& in tlte y direction must be h + 2K. since there nuist be 
a unit ^lacc separating rows ftimft i^ich other and R. If K > B, then area > wfh 4- 2B^ = A, contradicting 
(v). Ilicrcfore. at most B bins arc used. It remains for as b) show diat the »im of sizes C| of the items in 
any bin B at most C. Each itpi c(vre^oo(te to a rectangle with h- s (2B + i)Cj-l. 

Z ((2B+ l)Cj-l) + ^ number of rectan^ in die row - 1 
rectangles in row 

<, die widUi of a row of rectangles < w + 1 = C(2B4- 1) 

giving (2B+lXsumofCjforrjinTow)-l < iX2B+l) 

Therefore, {sumofCjfiM^i^inrow)<C 4- 1/(2B+1> . 

Since an Cj and C are positive integers, die above impHes 

(sum of Cj in one bin under c ofr ea powdiBg Mniwcfcing) |^ C indedred. O 

Corollary 4.1: The modificatipn of^l removing the minimum i^Mcii^ n^trement & NP-am^kie. 

Proo^ Hie same proof is used. RectanglcRh^ditt>ei»kH»h = Bw-Hil|andw = C(9+I). For each i,rj 
has^ dimensions h, = c,(B+l>and w. = 1. The NP-h«^ncss part crf'tiisproofdoes not require that any 
of the dimensions be integers or diat the rectangles be placed so diatdunf Corners are on integce points of 
die coordinate system. O 

I^mma 4.1 is presented with spacing required between rectangles to closely mirror the predion 
in circuit layout The dimenskm of each componral aitii %e iMdNffi^^ otfe tfnit ttf atieotanit for die 
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ic(iuif@4 s^ipg mv^y^. W» m^4mm$»mmBm^3^m^mi^to ^ «t^ unit too large in «a^ 
dimension. Wlien ^^ing » Mt^f^itfy f«<|uteetf. ttm-j^liikm mm^mW'm^^^^'*m\f^om>^ 
ratio of die circumscribing rectM#B ii loiiided. 

Given: A set of n rcctanytes jUMt a pof^tiw niMnber A. For l^i^gn, eacii rectangle, r^ has 
dimcnsicms h. and Wj. 

Question: Is there a placement of Ae nxtangto m *e plane with a cartesian coordinate system 
imposed so that: 

(i) Each boun<lEH^ s parallel lo one of the coordin^e sy^m axes; 

(ii) No two rcctai^tet overfa^; 

(iit) There is a rectangle in the fi$^ which circumscribes the placed rectangles, has 

boundaries pandtel to the axes, ii f^ area at nuMt A, and h^ aspect ratio (long 

side)/(short tide)^ atmoM a, «f»ie a M a ratkiMft number mA less dian 6ne. The 

b€wi4ei(y of i)p GweiptcrJAil^iais^a^llj^^ 

rectai^jtet. 

Umaia 4.2: {^xifa^imi l'2?r> NP'hai^lpr a^ « ACMk^ 

Prooft The proof is a reduction from bin packing rimilar to die proof of Lemma 4.1. Given Cj lor 
l<i^n, C, and B. construct R with w = oC(B+l) and h = w/a - B. Each r. is of dimensions 
hj = aCj(B+l) and Wj = 1. ITie bound (m area » A = w^/a = «C^B+1]?. The aspect ratio implies 
that die larger side of the ck^red circumscribing rcctan^ a at mo^ (aA) '^ = w. Therefore, assuming R 
is oriented as in die proof of I.emma 4.1, none of die r, can Ik to ^ left or right of R. The rest of dw 
proof is analogous to diat ^ Lemma 4.1 and is left to die read«. O 

CoroHa^ 4J: If die bound on aspect rstio, «« ^ MM«P(i^«i an iopui kxpvobiss^ ^-a^ die pn^Mcm 
rcmaiittNP-hanL 
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Preef: Hic ODnsfiv^tiM in the pra^of L^fmla 4.2 am lie oMiq^tediii time poiyiWRmt in die te^lh <tf 
diercprescnt^lon<tfa;ttiereftKt,«canbemiti^ O 

Lemmas 4.1 and 4.2 prove that the layout pnMem we arc ^udying is NP-omptete even in the 
degenerate case when only pfieemcm % i«quft<e£ CM«iNi t|liei»fii^ df ositifsieneli^ Is Ac routing 
prd)tcm NP-cwnplete? We do not have a proof of a general l#-canpicteness result for routing. 
However, in the next section, we will present two NP-c(mipi(%enc» rcsuils for sibpn^lems encountered 
in Chanel routing. 

43 NP-cois^leteacss to ChaMid Rotrt^ 

In this section, we will prove that two probiems encounterfxl in a chwtnel routing approach are 
MP-complete. Recall that ia the chaiwoinmtin&^^af^^fpiiph^^^fpi^ horizontal and 

verticid ^e^s. Terminals Kc along ^ wdcs of Ae i^M^ SiM misM k iiii^ t^ of a set of paralld 
channels in the direction of the street Eadt dtannei is wide cnou^ to accmmt for die width of a wire 
and the required separation between w^ks. Flrst^^tfweMergpMKt^i^ jl^iitln df^tadts ti#M|(^tiie slra^ 
s chc^n (street routing). Then, within each strKt, die actusd rmit« of the path segments ^signed to tfie 
street ~ using die channels ~ is determined (channel as^mncnt). The g»ri is to minimize the overall 
layout area. (See Fi^iv 4.3.) 

The street routing pn4?lem can be represented as a gra{^ prt^iem. There will be a node in die 
gr^h for each position along a i^eet at whidi there te are termini (Two ternHnals directly across ftrni 
each pdier on a street are represented by one node.) There wiH also be a node in the grai^ for eadi 
intersection of streets. Each e(^ of the gn^ih represents a portion of a street between two positions at 
wKkK tfiere areten^in^l^ ii^ta^ioe«(^ 

nodes consist of die nodes representing terminals of die net and nodes representing str^f ii^tei^cett^KL 
Tliis is a Steincr vkc pn^lem on die graph. The intersection nodes in die p^ arc anak^ous to the 
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addcd ntxlcs in the plane for a RccUUn«ac or Eudidcan Stciaor tree pruU^n. However, wc do not wish 
to find a minimum length Steiner tree in the graph for each net Using a minimum length Steiner tree 
for each net docs not necessarily yield a minimum area layout ITie eventual area of a layout must be 
estimated when the Steiner tree for each net is being chosen. 

The second piaase -• dmnel assi|^nent.^- determines die actual area of the layout We are 
assuming ciKh street is of variable widdi. The nuntfer of channels used m a suicct directly carcsponds to 
the street width. Channel ^signmcnt dctcmvnes the actual paUis in the plane rcaliicing the 
interconnection pattern determined by street routinqg.. ITic padis arc composed of hori/.ont^Jind vertical 
segments. The path segments within each strait are dctctiiM|M^ %dcpcii s toj^ ^>e^ *at Ae segments 
for paths which change streets must be connected at the intcrscctwns. ITk hori7j)ntal s<^mcnts in a 
horizontal street (and vertical scj^Hts mayettk^ street) lie in chartncls. Hach channel h the region 
between two lines parallel to the stnect direction; te; Uoes af^ S|»(^«^4bit-I^^ one wire 

width and requwed separation b<»wecn wires in any channel. WWc scgnteitits perpendicular to the street 
direction are used to connect scgmeim in channels to each other afid to tcbnfaials. 

4J.] Channel assignment within a stiwt. 

The first NP-complcteness^uIt which we present proves thtt with certain restrictions, the 
routing of paths in a street so that flie nxmjm ol^O^^m^Ms^^^^m^ '^ NP-complete. The 
restrictions are that (i) all terminals to be interconnected lie in the street (i.e. there are no lOreet 
intersections to worry about), and (ii) each set of wires interconnecting one net uses exactly one channel. 
ITiis problem is represented as follows. 

Problem P3: Channel Assignment within a Street 

Given: A line segment S. containing equally spaced points numbered J dirough h, and a set of 
terminals, T. ITic line segment represents the .street. Rach terminal, t is an ordered pair (i,b), 
where i is a number between 1 and h indicating the position of the tcrmijial along the street and 
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b is an etement of {0.1} r^iieteittiiHI tlie ^4e of the «r^ tM wfticH die termini Hes. For any 
two tefminals (i,b^) mdilh^) wMi bj ^ bj, ^'j( i^ >, wbere s te a po^tivc integer chosen a priori. 
httei^ & n^qsmtts 1i« irti«&«ii##ll'M|uM^ AMogiv^ iii« a t»ffi^tiWi of n 

dispint sets of teminals, N. ^ l:gi;£l^ r^flP|Hl|i^^^^^ 

Que^Mm: FmtoAim, M^, iHi^ bft the fN9fAimi}#dl#^»rtiinaf of Idlest pd^imiln Nj and Zj 
be the position of Ac J^fpmalijf hji^««|i^^^ 1^ |aj^<terM«f ^ set of all points on S 
between i.^ and z. inclusive. Is there a mappi^ ch, which aligns each net a number between 1 
and k inclusive sitth duA fer any R, md R, l^jj<jn: 

(i) If teiminal (x.O) € N, and temtisal (y.l) € R and jx-yKs, then ch(NjKch(Np: 

(ii) If Iaj.ZjJ n la, a1 is not empty, then ch(Np * ctKNJ. 

The mapping, ch, represents the ais^ment of a wire segment between points a^ and z. to one of k 
channels tor each n^ Nj. Th?i^rvalfajj:J isci^ ^^^i|*|^.pf ,flet.?^j,,^^5^ to 

the direction of the street are MStrninl to go fitiai each termi«tt iH tft? net^^ N. to tfid segincnt in the 
channel, llie restriction that di€»ie ^etments mu^ i^ ovefi^ii,rcpreaent^d^scoa4itiQB (i) idMve. 

If there are no ^rmiaids »tis^iag tfwJiypoiheslsof cpn(|^;km|i), i,|:.^^^ is the only 

relevant condition,^ then ProN^ P3 Is the mtepfaiixlxm^^ffoio^ieas^. T^ prjc^lem te: 

given a finite set of interv^s cm ft.ttne and a posiUve hi|^r, k»#^ ac(^r^p|Osi|iv^ inlegec) to e^ 
interval so that no two overlapping intervals have die same color jod po more than Ji colors are used. 
Nets define intervals, and "channel" s just aiuHher naipe for "oator". Ttw^inj^i^aji.qtrfpring pioblem can 
be solved by a pdynpmial time al^ridun Bpav72]{Has71}. iTlN^solittlon tp diis |utri}t^4is» the same 
number of channels as the maximusii over all points pn S, of the ^tui^tp^^, whose interval {%2|) 
intersects the point Therefore even if we 9^ wif]gs, Av joof^ ^t to (»e niore than one c^aa^l, Ae 
solution found using (me channel faiQiiiiiiip). 

Widiout additional restrictions, die channel assignment- pfc^lcin seated jfi Pn^lcmPS is 
NP-complete. 



■mi^ r^„,^~i'Sit*'Jr-**v*-*5.*?=' ■- ^';'^5^-'f^'«^''Siq!«.*H?SM 
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}^roof: Ib jMya^oiia} tinK!, » noiK^^BMi^i^.T^iitfMKl^att gmaMm$pfm$aaAdbfi(A to see if 
(I) and (ii) arc satiifk^ Therefore, tfsrpfa^ 

We wtQ ie<bicc tiif . ctoci^ Mc Q0imi^ ^^BSbSam m MNxtmpkte fuobiesi fGarl to 
Fyob{ctnP3«o prove that P3 is T^hani. lYie dtcslaf^a^tl^^'^^^Qff^ ^^b^ 
coloring pn^lcm accept diat arcs on a circle tdtim tfiaa iniery^ am a 8i^ Wt use. Fifure 4.4 ithistfrates. 

Tkc Oreiilar Arc C^ornf Riollm 

Given: Afinitesctofarcsofaciideimiapo»ti>«tel^eML 

Question: Is them an i^gnmcnt (rf^ C(A»s minbeted 1 fhoi^ k to dn; arcs such Aat any two 
arcswhkA bvef^irc'^M^ied^fifftrt^o^^ /^ 

Since arcs «^>ich inln^t at eo^krtn^i^ ^ ovc^^ 
diat no arcs have i»idpoin&r ki conumm (iiel|!%i^4i^ ^tli^ idhijd lltyth of die sues is irrelevant 
Thereftnt, ftff^nahis, wet:^ numberdK; i^j^k^nlsff^ ^l^iii^'travi^iig dworcle in scmie 

directicM. Eadh aic will he n^Htsented l£% ^t^Piraril pi^ (iJX liiti^ the eii#oints dT die arc m 
»icoun«;r6d ta^ die tiavensaf of die dftSe. 

tMi^fi inin^aric^bf tfie drci^ arc ccisirit^ 
»t insjtdnce ofdfie t^sMind as^ipnent pttibk^ 

manber of aticS w6k±iic^tain%it C!i>.tli- ^^ic^wi^^yiEal^alifly ttb t^^ oH 

d)c drcte^tctweeri points 2ii jfMlawistftyr^ intervals, ancec arcs 

have been cut in two. llie n-2c intervals whidi do ad hav#^i^|j^iritir<M^ cut fine wiMlecannc ^ 
ffitervids of nets. Cbffiliicriiig'tmty dtcse Wm, anf 1^ jb^niintit^^hteitetS \^M^W a Icpl assgnmcnt 
of colors to die comsponding arcs and vke vena. 



■ -^%w t "^^-ii,- 
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F^re 4.4 arculai Arc c«^9rim(. 




tmemkm 
(Bach color can 

above the cifcie.^ 



arcs(aj.bp; (a2,b2); (a3,b3);(a4.b4) traversing clocltii^. 




Figure 4.5 Constmctien of a ckaimel assignment problem 
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There are 2c intervals with endpoints on the cut line -- two ini^^l$ per ait. If we can inaire 
that boUi intervids of each pair are assigned the same channel, then each channel as^tunent will 
correspond to an arc coloring. We do diis by oitaWNfig the intervals bcy^nic^lhe cut line and adding nets 
whidi force the pairs to be ^si^ed to die SMn^ ctuMiiiet, Figure 4.5 giv« i»« constnKtion. Tte ^raial 
definition is given below. The points on whfch terminals lie will be number^ /ihMn-c(1t-(c*l)/2)+l to 
2n +c(k-(c-l)/2) rather Oian from 1 to 2n+(<2k-c+l). 

For each arc {a,z) which does not contain (2n,l). there will be a net {(a,0),(z,l)}. Order die arcs 
which do contain (2n,l) by increasing starting pdnt For the i* siKh arc, diere will be 2(k-i+ 1) nets ~ 
half have terminals within die negaUvely numbered {KniitSjaiid Mtf lum! 46rnifin8]»iviAi die pmnts 
numbered above 2n. For arc (aj, z^), 1^^?., <aj:^2n. die i* arc containing (2n,l), die nets are deflqed w 
fono\»^ Forl^i^ctet * 

i-1 
sum(i)=2(k-j) = i(k-«/4{i-l)) 
j=0 

pj = -sunKc) + sum(i-l) 

pt = 2n + sunKc)-aBft(t-l) 

Then, there are nets: ^ 

Nji = {a>;+1.0X(Zi.l)}aad 

Ny = {(p;+J.l).(p;+J+l.Wfcf l!!S^k-i; 

NiJ = {(a..l).(p|XJ)}Md 

Nj j" = {(pt:i.0).<»1^+l.l)} for l^^k-lr J ^ 

For each i between 1 ami c.r^ ^plication of conipon (i) in di^^finidon of problem P3 

results in two chains of k-i inequalities for die sctMiiels correi^xMidlng to &c i* arc containii^ (2n,l) ~ 

one chain of inequalities ch(N.r)<dKN" ^^ and me of inequalities ch{Nj j')<ch(N"*"j.^j) for 

0<j<k-i-l. Therefore, nets N^^ and N^ ^ must be assigned channel 1 if no more dian k diannels are to 



■S5^ 

be wed. fita, N^ «d N^^ c«k Itt m^|^ cta^md 1 dr 2 wittieut violating condHton (i), but their 
intervidl ovorkp Hwie ftMriNK Nj^ iwd N^^. reveetiv^. "nugt^enc ehonlwl 1 fe the only choice for 
aeii N|^ and ^2^. fttic^ijtog toMi w^. we gi$e IMletirfjjQ «i«d N:^ must be asdgned channel i if 
nomoee Aa^kdiaanelBaffrtotwuttd. 

Given my dmmei m^mim for ^txnofitd^ met nets, we c^tor the arcs which do not 
coittam (2n,l) by ttie same rW«M>ened«:eior as tiie corffespiMiil^ chaiinei. Per the i^ arc which contains 
(2n,l), we uscdie nwiiber (tf die dMnmd «signed t&HetsN^ ^id N.^. For any pear of arcs which 
overlap, diere is at tem mie<C(^e^l»ndMt P^ of ti^wtew intervals oviiriap. Hierefore, any legd 
danncl assignmeM cdmiq^etids to » l^i^iiwri^ i^ii^ttie^iMie nwitber of cc^eiIs asehannd. 

Givra « colsitig of die aiira t^flg itt ffioM ktlMNi, we am a^ign ^it^ 
Pemiute die cdors sotfiat4be i^ ar&etmtaMiing i«t|2it,l^% a^gAcd thtf #*t»lor. Assign nets Nj and 
Nj'l' toctomd i+j. 6x i^i^ tmAQ^^M. Hie reMii^ i^ls arc assigned tifie same numbered 
diarnid as die color of die OMTap^KliBg arc. Be^we^ peMs f mi In, intervals overlap if and only if 
dicir cofpe^onding wcs overiap. Ehewfcere. n6 Ny' iiM N^ !«• Kp ov^^ except Nj^ and Np^. 
However, i*(N^ =ti <?+<!« di(NT),jo w) Nj aOi N^^ i*WHi dvferti^ we ai^^tcd ^ sMiie 
channel. An analogous argument shows diat die N-t are pn^rly ass^ned to channels. Therc^M, for 
eachcolormg,dmeisategatdiamiclasB^ime»ftoMiigfte«nleniNnller'ofcMMndNaScdors. O 

Since dw construction uses only nets with two terminals, we have: 

Corollary 4 J: Pn4>lcm P3 re^iiaed to mm coatiMng C3iiu^W& temiimahi H NPxonqileie. 



4 JJ CtoMKl an^nnent i^b iirtmeetkflK. 

The second problem which we prove NP-compieie deiAi ^ricdy ^th dte cmfering of patl» fai 
intersections so that Ac resulting street widtiis minimize ^e area. Htis preMem is SMtKwhat similar to 



«^ -^~^_-^i~^ ^^£-<- r ^-^ 
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tbc channel assi^mcnt pn^iem ia th^ if two patto are j^Mmachiig an ifttcrsection fitwn the suae 
direction in a stn^t, and one patb needs to go left at Ae mt^'sectitm and t^ oth«- needs «> go d^ then 
they cannot share the samech»inel m ihenew stif^ ^^|aHr4i^>Afefav4«e proper order when tfie^readi 
die intersection. The problem will be modeled using a graph to n^eaeatttie stloets> Sui^igihs which 
are trees will be used to represent the tntetomnec^icMi patt(Bp» icsritifig from «ceet routing. 

LiH^ die ^rect gn^^ S. be some »ibsi^ «f a two 4>m»si<MHitiiiil giafrti. Each iMxte nS is 
labeled with int^r cpordinates (p^. Fac^ edge is eitbi^ heri«NttJd(:i.e. between wides ^4) and 
(p+l^). or vertic^. i.e. bc^cen nodes <p,<i) and |p^+l)^ThiS^9^&is4M»tittoied«Uo streets. Eadi 
street s a path in S using (wly vertical or only |H»iiQnt|i4 «dv& 4tiorii)^idjtreel9 
K\X\ and 0.1^) for some k and t^; a vertical stfetH^ge^ b^wsen pd« (k.i)and (k j) fiir some k and i<j. A 
node represents an iaterseeticHi of two w racfre strati ^^ «d||e rerHRSOits Ae portimi ^ a stre^ 
between two intersections. The int^confMc^on p^ion 6>seaf^ ^« r^weKmfeed by a &ee n S. Eac^ 
tree, T, wUl be caUcd a net tree. We would WM to^aMii eaeh iiceiKseaee Of an edge in a nettiee lo « 
ct»nnd. Letch bcanv^fui^ 6xmeachocciafencpofane«||«£wai^$^n^ The 

imcger indicates tl^ number of dKi channel c(»^auiing Opt o^iii tte itie^ toit^ik^ die iM^ bdoi^ 
^re<|uiinB: 

(1) If edge e (rf S is in dating «^e« T^«ad Tj, lAm^rttie ecoiifGxce of e ialj is 
assigned to a diflercnt chaniKl dian die oixurrence of e in Tj. (No overia|)pi^ i^res.) 

(2) If e^ and Cj are adjacent edges in a net tree T, and e^ and Cj belong to one street in 
S,dicncjl^<^)j:«cl^e2). (AcQn#octi^|»|l^eMmet^dbmge<AMm^mMB« 

(3) Suppose horizontal edges e^ ^ {(p-l.Q).(p.q)) and Cj =? ((p,q),(p+ l.q)), for sonM 
p and q, belong to a street, s. Furthermore, ^ipposc ej^^jt^l^glaigtcM^iact^oel tnaes T^ aad 
Tj, respectively. If ch(ej) := ch^ tiiBiii 

({) 62 is not in T^ aiKie} B not in Tj. (TWs^oilpp» frpBKll) a«d ^>M}ove.) 
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(ii) Su{^)ose that vettical ed^ ((p,qMPi4'^i)>iO^<^^l)ip^ ^^^ (me fMee^ aad oadiof 
Tj and T2 contaiBS at least oae of flw ei^es. Tlicn cN»P < ch('^ where Xj^ represent, any 
occurreiK^e in T^ of eMier of ttie ectees and Xj represents any occuitence in Tj of either of the 
ec^. This cofldi^9n insures tlpt die wire s^mefit rqpliesmted by horizontal &^ 
((p-l,q),(p,q)) does not overlap die wire sefment represented by horizontal edge 

((p,qMp+l.q»i 

(4) Anato^His to (3) but for vertical edps ((p,q-l ),(p,q)) and ((p,q).(p.q + 1)) in T^ and 
Tj, respectively. If x^ and Xj are occurrcnees of hofizontal e^jcs ((p-l,q),(P.q)) and/or 
({p.qWP + l.q)) in Tj and T^, respecUvely. then fNxiX chjx^. 

We want to find an assignment of ed^ in trcel to channels so Uuit die resulting overall area is 
mii^ipizod. The assignment is catted the interaction ckapnel assi^ment siiKe the mterscctions induce 
the constrafnts on the assignment of channels widiin each streeL Area will be measured as follows. For a 
given channel assignment, ch, tet widd)(ch,q) be the sum over all vertical streets containing a nocte (i.q) 
for some i, of the number of channels used in die street; let height(dij>) be die sum over all horizontal 
^cets containing a,m)de (p<^ for^wie j, of die number of channels used in die ^leet. L^ width((^) be 
the maximum of wtddKch,q) over all inte^rs, q, appearing as the second coorcHtK^ of smne node in the 
street graph S. If die ■Mwintum » awBa. dien widU^ch) is one. t^ hogblCc^) be die maximum of 
height(d) j))jovGr al integers p whkh ai^iear as die first coordinate of s^imt tuMe h Si If the mninum is 
zero, dien height(dt) is^pne. Then, an»(ch) is defined ss Ae prodtKrt 6f wtddKiJh) wd hei|^t(d^ 

Using the rc^resentatbn presented above, we have dK ^towti|| frobkmi, illuftrated fai 
F^re4.6. 

ProMm P4: The IntersectioB Channel AssipBMBt ProUen 

Given: A street graph, S. partitioned into streets; a collection of net U^ees. T.; and a positive 
integer, A. 



FlfM»44 TkelMenecteiClimpd 



W 



0,0 



1.1 



U 



U 



ai 0.2 03 



-58' 




hoiiEO^l^tcts: Q^toQ3 


y«>M 


2.01023 


v^f^iti«ts:10to2.O 


011102.1 


012102.2 


0L3tD23 



Net trees: 



ao 



•.w 


2.1 


2 


2 


23 


1 


1.1 






12 





01 



02 



i5 U. 



1.1 



2.2 



02 



U 



Oi 



sn optHiud assgnraeiA 



'»■"»,! ' i 



■HD 



CD 



IjH i l i f 



kti ;'•! " 



— J--*. II " ' i ^utidllil 

BOCWOpMBSl 



cteuiei i >^ 






l^midl 



o<dunti^ 




ihii 



v>i 



Sfi ni S 1 jvy ( 






I, f'Jif ^r 



*-3)fe<^ «'j&i«s»;^iv-"-i-3t- -^^ft -* 1-*-^^, v»*»ir'' "^ ' -^-'f^ - -^.'■**"f •" '-^' « ■^»p' 



(^cstioiu Is (here im ipi|»ii^|, i^, of tti^ ji^f^iiiii^es #«#» Ir iKt ti«»iito channels in 
streets whk:h satisfies cmditiiHis (1) throu^ (4) shove sikH that arci^ch) <, A. 

LeiMNs 4.4: The intetsectiojn chanad ipsipfl^nipiDhltiBt ia |i(^(»pl«be. 

Proof: Conditions (1) throu^ (4) at^d die area of an io^ment can be checked by a nondcteiministic 
Turing machine in polynomial time. Therefore, the problrai is in NP. 

We show diat the problem in NP-hard by reducing 3 satisfiability p3af79l to it: 

Given: A boolean expression conq)osed of the conjunction of k clauses, c-, for l^i^k. Each 
clause is die diiy unction of three distinct literals, where a literal is a boc^an variable or its 
complement, i.e. Cj = (ynVy^Vy^), where y^ » x or ~ix for swne variabWl. 

Question: Is diere an alignment of truth valiies to the boolean variables such diat die 
exprcssmn is sad^ed? " * 

Given an instance of the 3-satisfiability problem with k clauses and v variabtes, we will construct 
an instance of die intersection channel assignment problem with 2k -fl horizontal streets, 2v+l vertical 
streets and A = 2vk(3v+3). Let S be th«<ayf 1) b];^3k4%ii^«r^ wjtk Apdes mimNti^ &om#,0) 
dirough (2v,2k). Each path &om<0,i) toC2v,i) »a borizcmtiri «ri|(^ fw-any i b^^tKecBOiwd 2k; each [mth 
from (i,0) to (i,2k) is a vertkal street, for any i between loid 2v. Certain streets arf atsopijated^ with the 
ctau8(s and vari^tries of the bo^eae expieim^ {» foUaiiwi: 

(a> With, eaf^ d^tse c., l^J:^, ano^i^ tte hoMzMt^ street IhMii |B^-t) to (2v,2i-l) and 

nane it C./nK; rcnwning luMTixaittal steeets are 4MN>9ai<e^ 

(b^ For each vart^k ?i|.i2Sg3g¥, a«ocia^id» ]^!f*i^(rti«ct^i^ (j'i.OXtQ G-Uk), mnied Xj, 

and die vertical suneet from (2v-j + 1,0) los{2¥-j f l^X mmd Xp. 

(c) The one remaining y^EMeidstRset^^t from^ViO) to (y,2kX rsnimetfttreetM. 



^•ri^^t-^j^r -I -ef^f«e«^S^»*?S».'»-»»Kw^««#"^-«^''^ •--»-»- 
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Wc consCFQct two iM^^rees fiH- (aeli vtrla^. For variible i^, dte flm net tree; T,. contains tlw 
following ed^: 

(1) In street C., for eadi I fifom 1 to ft: M e^ies M the p^ from 0-l,2M) to 
(2v-j + Ui-l); 

(2) In street X,: the edge fron Q-\,0) to Q-\A) and for all even i between 1 and k-1 
inclusive, the two edges on the path fran (j"1.2i-l) to (i-1,21+1). Also, if k k even. Oie edge 
fiom(j-Uk-l)to(j-Uk); 

(3) In street X^: for all o^ i between 1 and k-i iachisive. the ^ c£^ q«i ^k; p^ 
from (2v-j+l, 2i-l) to (2v-j+ 1. 2i-t- 1). Also, if k is o^ the edge between {2v-j+ 1, »-t) and 
(2v:j+1.2k); 

(4) In street M: if variable x. 24>pears in cUhkc c. unomtptemcnted, Uien if i is even, the 
edge between (v.2i-l} and {v,2i); if i isocki, Ac edge bdtwraen (v,2i'^«9d (v^-1);. If x.iwears 
in Cj complemented, dien if i ks even, die cd^ between (v,2i-2} and (v,2i-l); if i is odd, die edge 
between (v,2i-l) and (v,2t). 

The secxmd net ti«e for variafeile X,, Tj^ o»MMri< Ae fMkNri^^ 

(IHn ^^ Cj. fof^i^K^ i from 1 10 fe '^ ^^K»^^^^ from ^-1.2i4| to 

(2) In street X^: for all odd i betw^m I «tf «<1 taelii#eii'Ae twNo is^les em the |Mttt 
ftom<j-l,3i-l>«aa-1.2f+l). Al»;»kis^ia«the«%>%dw«n^fta4ys«at'l^^ 

(3) In street X.^: the c^ freilt (2v^^)4^I^P¥^#^i|I)l»iifol''^«v«nf between 1 
and k4 tidusim tlK two edges Oil di##alh^f^ 

even, the cd^ from (2v^4lwBt-l)fe>^v^+l{^ 

(i^M^iriki'WWytifytbktlii^l^^^ if laockl, tfie 

edge between (v,2i-I) and (v,2i); if i is even, the e<%c bctwe(m (v,2i-2) and (v,2i*l). If x. appeus 
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in Cj comptementcci, Aen if i is odti, the c<|f|bftW)^(v^l-2^ fi|i^y^-Ji);Jf-i is«vcn, the edge 
between (v^i-1) and (v^X 

The following observations are useftil. For any coMdiitatc {^ (^l-an c(^ fFEwn ^p,2i-l) to 
(p.21-2) an edge down from areet C^, call an edge fhwj (p,2i-l) to (p,2i) an edge up from Cj. Each net tree 
T, coqtains a pathnrhfch bcirf%with an edg/e Wuti^i Xptowttih»n^tre«S; Cp The p8|H goes tfiroa^ Cj 
to street Xj^, goes up from Cj to street Cj, anid diiot^ C2 to street X.. TTie path continues snaking 
throi^ die horizontid strc(3S.3Ssoci^ed wittithcelawES, using ^r«et Xj to go froni street C. to street 
Cj^j when i is even, and usinp stieet X„ to go frifiin CTj toXj^^ when i is odd. Eath net tree T^ also 
contains a padi which snakes dliw^ the C^, biit Jn^dtejcflicisite diifction: it begins with an edge in Xjq 
down from C^; uies street X„ to ehange ftoiftiCj m C^;^ j when T Is even; aiid uses street X^ to change 

^ ^ i r-;^ ^ - J , ' 

when i is odd. For any net tree T, or T^, ^ L i^psibrs unccmipkHnented fai c^, \hd edge in street M 
intersecting sbeet C. is in die same direction flom C^ as die edge (^ die tre^ in street X.; if x, {^}pears 
complemented, die edge in street M is in die sane dinxion from street C^ as the edge of the tree i&aireet 
XjQ((^po6ite to diat in street Xj). Figure 4.7 gives an example of diejconstru^tion. 

For each i b^tw^n 1 and k. each net tree contains die edges between horizontal positions v-1 

1 i T 

and v+1 in street Cj. Thcrelbrc, diere must be a chtmnrf^ineadiCj for eac^ net tree, giving a height of 
2vk for any channel assignment Any channel a^gnment which gives area at most 2vk(3v+ 3) must give 
width at most 3v+ 3. 

At each k)tersccti(Hi of ^reet M widi a street C^, diere are sif net trees which cont^n edges of M 
incident on die node for die intersection -- one pair of n^ trees, T. nid T~, fot each variable x^ appearing 
in c,. (We assume that each variabte occurs at most (^ce in a claiec. Note that xV~vx Vy is always 
saUsfied.) Half of die edges arc u^ from street C| and half arc down. Therefore, at least diree channeb 
are required for M. Three channels will be used in M exacdy when the boolean expression of interest is 
sadsfiable. 
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F^re 4.7 OMisArectkHi flf tke twetrftrf taMM 4^4 

Egression: (x j^ V X2 V ~'X3) & ("txj V X2 Vxj) 



Truth ass ^ a m ea ^ : x j s: X2 => Xj » tme. 
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If'dve wi^ ii icfiriMI «» bt at amm 3v4-3iM!tf #reet M (»Mribu^^ itt^teast three, tten the 
ly^idi ^H&^ted d^toe^pt^ iy lec^ X, m^ X^ W l^Si^ mm heitmoA fv. Consider ihe 
wieraeetioiigof stieett X.iWrf Xjjiriii^MHm^^^^^ ^*^' fhe^gc ftdiW (f'I.2i-2) to (j'l,2i-J) in X^ 
feetaop » T..^wi fl»e4r *Mn^l.2hl) to04,2^ 

used is Xj, the channel in Cj cimtiMat tfibetHtes ef^ «AiMliiv« a t»wer rujmbcr than tfte channel in C. 
CMWiii^ *c e<%es of T^ ^eoniKton (4]f |^ve» fi»i*aWM^igiimte»t8X Wwcv^ in X.^the edge 
fhmi{2vj+ 1,24-2^ li><av*j+ l.»'lT««lttip »Tj^»i#«^e^ flfotn ^M^^M to (2v-j + 1 ,2i) belongs 
tp T^. If only one c^annrf li tncNi if X^^^ #»i«rR^1fi€jt!a»teihiiit c^jscs WT« must havfe fte lower 
number. Therefore, on]y one of X, md X^ can contata exactly one chMifd. If i b ^ea,,tbe e<^ virtri(ii 
tieimg to T. and Tjo <^ just InWR^uH^M fV^ ^ i^bvet «e fiaeA'tfie s»ne omch^Dn. Therefore, 
OKh pj^ ofweet^ XvaiHl Xj^cmMMMte^Mle^K tt^ bhtuM^telM «»^A.' However, if collectively at 
Riott 3v (^anncls »e conttHMtted ^ «hm X. #id X^^i l^h^v, at mbst firce' chani^ must be used by 
eadi pair. Note Htm T. and Tj^ "fftk^etfier" so tf^4ii)r eanahMiys share ime channel in X. m (me 
channel in Xj^j. In the oflwr of X; ifid Xw t<tees trff.^we as^i^^ erne chwroel and edges of Tjj arc 
ass^d to a tf flfeieM chatt^. ^ nrftt asso^ite tfdMntiii tttsigmriitt hi which X, fm one channci witt 
a Virtue asn^uiieM in «4fieh x, lat i^iie^trw!"^ we wffi ittsd^i^ a dtam^f sesignment hi whidr X^^ hia 
one diamn^ wMi avitee as^mnent of'^IAKf'^ f^ X,. 

CHveft M jM^^nmeit of trath vidties to t^ v»1al>les x. such that ttie hotAem expresaon is 
ffltisfied, Ae correi^iending dwnnet Msj gameii t givl^ WMdt^v-f 3 kl^ fdlowi For each j between 1 
sadv, if X, isttiM, one^Mnnd sused in X,; ifxj ts^die,cMe dunnd is ^sedtii X». Street M cmitams 
ftfeediaMRd& We first determine what tieeswffsH«re^«tndss«aid^tnten)e($ticm^M and sohm 
Note diat (Hily adiaccnt odg^ in a bnee are fcquired lo inelhe sa^^^tuinii^: eC^ df a tite which ate ta 
the sane stnsct but not part eftfic sane path in the street are not rcqtiii«d to use the snne channci. Letx, 
be a variable wh<»e oixurKnce In Cj is true under ttM^vdiisagnmeM Of tratfi vahies. Tf» edges ttT. 
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and TjQ in M at Cj can share acbanael. Ilus fiyUiw;^ Arm^i^^ t^ jfi^istinco^M^ncnted in Cj, die 
edges arc in ihe same direcUca astiiosrin X|, «^ thg otlps In ;iC|iiMa«a ehi^iel: tf^j s ccHspkaneMed. 
the e<%s^4% in the same diiec^ » thofe in ^ a^ j^^^igf^mX^ ll^m» ^xm^ ^ametmjBiim 
pais of edges in M at q wiQnot he alak lojimt M(imix4 0^1^^ tee^ mUm. 

'nieFc(ofe. kjLfhe olge for Xj in M ^n fcep Cj^^we w^ tMred^^^Hfip^C^ fiv aaecond variiMea^ 
incj. LctthcedgcdowRforXpabjtfewiaiJiei^Mpto^ Fiadliy, Ihe edieilMm 

for x^ shares with die fi^ upjM; i^. ljb« w^4^!pis|p^q||^ii||ppiiitt ^cjimifl^iKCfte^tca^i^ 




thi^ shaiing are consistent with #ie(»n^Rum from 4^^ inA^s^p^^^fC^ w^ X„ X^. X^ 

Jfj^ Xp^. and X^ (See Fi|ii«4A> 

The e^ in die hc^ismtfa street b&m^^C^i^9^mf^^m^ lha^m% 

die only condition retevaat at^ ^cniecApg^M MA#i«Hk,l«ee9l»:» IM »9^ k»u^4m^i^sisk 
goffi dirouj^ an is^^a'section canBotchffi^dMne^ ^liere >iM>|ie «]M^ in-a net tme du^^ifli mdi «d 
intersection if die same Utcral j^pean te d«a»c^aa^4^^|, oauf^lW e^iXP k(mC^mA domrn 60m 
C^^^ m one pf Tj and Tjf 1^ e^jg^aieadijlpent nniyj^ "^mmmmm «hM»el& In M can te 
deteraincd as follows. At dK JotoeK^ticn^ ^^'fi^|^0^mm0lmmmi§0A^m^MUmt^iU^ 
each e^ in a net tt«e incideat«indi<P iii^ffa^llA^tta #l^m«4iiP^ i^miKcllfkMi^iilMOilllia. 
TTiesc edges are edges down from sti^i Cj. At Cj, tim^g>»4gimHm^mtmslmi^ mm^^^t^m 
up soihey share with die «d«csd0pft»prei^atif4y#lQW^i^ widi 

the strefit between X\ aBd% 13irch«u»e^^aw^Jlftrtlf#im 

Cp die remaini^ edges doiMft #iqiM^iEm Jbex^ie^ 1^ ta^tMa ii»iiriifdg»Mknm;6»ni eadhi(3f 

cm beas^gne(|channdsat dieipi^niection of Mi #tH^I«KiNl^Jt9!^-tM»liieC^i9^|}u^^ 
change ^i^um^ Ed^ up are as^f^^ at Jbejn^fia^^«$l^^^ ^li^lh^,$hin»Gte 
pn^rfy. Thus, if diere isany afiiwuiM^¥>e^^ yaisMPWIHiiMI^^^ 
a channel assi|Ki"><^<^ with JM(Mi^y s:' 3v 4^3 aMp^ 
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Fi^ift it CeimiitiWIity eltN fiOii«liiiiiitsatllM».lii^pii^^ w^ M a<i|il witii Xj ami Xjq. 
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"^y <town" ^P****"® the «^ ««^ Ty trtd T^ wliiiilrieoM^ tfi^ cdfc drfwiir from Cj for variable 
Xy~yequiatoj,p,ofq. 

Ty „p" represents the tree coMaiaifig die edge up. 

U ' '■' ') V indicates die cbannei in Cj containing ed^ of net tree U must have a lower number 

<■" '^ t indicates thjit tho drder,ooi4dbe «^er mm* 

For any choice pfdiimiion for the two ^ Y. . c^^ so cycle ^scrca^cd. Therefore the 
conttn^MS itfe^ cotiscjtet^ 
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Given a chaitne) asapmept wMh area(di)^ A, we mtm^Siow tibw tor ocnistnKt a boolean 
assignment which satisfies the expresaon. Wc have siwmn diat any sucti dlanii^ assignment induces a 
truth assignment by cjiooai^ Xttme if X. contaii^,Qnly^bn|^)anml and x. ^^U:XJt»ntains only one 
channel. It remains to dtow tliat dti» ^Kisignmcnt 8atisfies>tiie ex^esaon. We know that oiactly tftree 
channels are used in M. At each intersection of M with Sonne C. e^es from two different net trees must 
share each channel. Among th<; trees containing <M^ in ii at the Hi{ersecti(» with Cj, consider the tree 
whose edges in C^ are in the lowest numbered diannel. ^|is tree rniot ctmtatn an oe^ in M down from 
C.. Suppose the tree is for vjtflri}le x.. Hie chumels of f^iss^icd to edges in T. and T-q are in the 
Pivpei order for the ed^of T^ iuid T^ hi Mio4)«iea<^niieta tllih iippesii$u{iQ(mi^temfsi^t^ m c^. 
then the edges in M at Cj for Tj and T|Q»e in the same dtrecti<»i« dime mX| at Cj. Itmustbe^reet X. 
which contains only one channel. Therefore x, k true, and c^ is satisfied by literal x.. If x, ii^tetus 
cwnplemented in Cj, then the edges in M at C. fw 1^ and 7^ sa^m0mmm ^msit^mMiemimK^lt 
mu^ be su-eet X^g which contains only one ch«md. Hw vi^ i#xt% Mie. «id Cj is iadirriedl^ fitend 
"iXj. A literal satisfying eadi clause can 1)e ideiitifinl % bc^it^ W1|6^ ieiieiie^^^^M «a^ 
for the clause. Therefore, diere is an assignment of tniUi vidues to ttK vaiaMes sudi that die bot^ean 
expression is satisfied. O 

In die construction used to prove Lemma 4.4, height(di) H the same for any channel as^ment 
Therefore, we conclude: 

Corollary 4.4: The modified Intcrsoctkm Channel Assignment Problem in which one ifesires a channel 
assignment, ch, such diat widtii(ch) ^ D for srane ^ven integer, D, (at such diat height(ch) ^ D) b 
NP-complete. 

Lemma 4.4 shows diat even ignoring terminals, assigning channel is a difRcultprobtem. Indie 
next section we again consider channel assignment within one street A heuratic al^rithm Is analyzed. 
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An exmpie is c(Mittni(:t0 1^ •l|^i^tfie,44|RMM»aNl lfr«iidtift4aflffete«Rly teuAy widi r«f«ci to 
tive <4)ttnn} strfutkm. 

In this section, we discuss heuristics fcx $m^lMim^ ass^ment problem within a street We 
bqjin wiUi a ^neral discusskm of v»ious restrictk^t w^krk rranova! dwn^ the optimal channel 
aswgnment. Then we present a heuristic a^oti&m ami its aiaiysis for Problem P3. the version of the 
pn^lem proven NP-compl^e. 

The ordeopg on ch{Nj) mi^im4 by CQi^^j^, ^ q| t^, ^ewnt of, PrjAlemf 3 caa be 
represented using a directed gn^, which we wiB otf ^ a»atraint grtaph. Ther^ will be one i;iode for 
each net If ch(Nj) < ch(N.) is required under coiKlttlt^>.#4»gAest#in«ntt^»f^blem P3, Aea there is 
an edge directed from the node Ibr Nj i^ the npdf fw Nj. U ^ possiliI§Jfcj[ flie Jj:^ to be cyclic. In this 
case, there is no channel assignment for die prdilem ^ sti*ei'|P3)J If each net can use more dtan one 
channel -- by using wire segn^nts m the cfirection |eipendk»lv ^tt) the stt«et direction to connect 
segments in diffisrent diannels -- then a diannel assigameat nuiy exist Tlie s^ments perpendicular to 
the street direction are calM/ofs. Jogs used fat ^ffoKOi acts. Mice any otfier wire s^ments in the same 
direction for diflR»«nt nets, must be s^tarated by the niiniBUHn ^adli^ 

Even whea j<^ are allowed at viy point aloBt a street, ^e Gh»fneI«Mi«nment problem may 
not have a solutwn. F^re 4.9 giva «i exMif^ However, ifimtifCiaUowed aaywhere betweea pointe 
on a street radier than m\y at die points, then iie chaaeet aiapinKBt problem » sdvable in potynomiid 
time [Ka79]. The model of a street used in flC^ldiflBrs sU|htty fipnth^ fianaiiiatioaused is P3. For 
this discussion, we only need note that, in fKa?S|40miMi^«iiin)CMite;a^ier^f thei»^arc cither at the 
same point along the street or are ^ points scpar^cd by at least minimum i^iadi^ 

Allowing j<^ between points implies th^ an arbitrarily large number of sepnents 
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perpendicular to the street tUrectkm may he inserted between any two termtnaTs. The length of die street 
-- the dimension of die^reet in the difectfon of ttw street ~ must be variaWe, ratiierAan just die street 
width being variable. The algorithm in pCa79] minimizes only street wlddt, no« die area of die street Let 
die maximum overlap of a set of iwts be die maximum over idt points on die street of die number of nets 
vt^iose intervals overlap ar die point An <^ima^ solution mvim die moctel.in pCa79] requires at most one 
more diannel dian die miximum overlap of die ncti Recalt di^ if dicre are no constraints due to 
condition (i), die diannel ssignment pn^tem P3 is ^dhMt in pdynofflial dme. Assume, as m [Ka79), 
diat terminals are eidier at die same position along die «reet wflave »rffWent space between dicm. By 
using one channel and inserting a jog between every fmif of consecudve terminal positions, we can 
efl^dvely separate die temvnals on oppc^tc irid<s«fd^ street Stf^iat ttiere are no constraints under 
coBcHdon (t). (See Rgure 4.10.) We at mm dmitrfe Hm^m len^. TTien die numl»r of channiiBr 
needed (excluding die channel wc uted to create the efl^ of suitably ^qntced terminals) is die same as die 
maximum oveiiap of die nets. This impTies diat oiii never ne^ to l^gdieh *e stfeet by more dian 
double tt) get a channel is^nmcnt which uses widiin onet^annel of dieminbntmi. 

Since we are dtinthig of a ttreet in running atong die bom^ary of a component and wc do not 
wish to dihik of each component as expandable,^ allmtring streets to lengthen » not satisfk:tory. An 
attemative is to use j(^ hi a ^reet interaedSon. ¥^ien a jcig is needed, a nefaiitht wlfidi goes to die end of 
die street and out into die street intersection is used. I h die hiters^on, die i^^ can use a segment (die 
jog) in the perpendicular street to change to anod«er chiMnd In die migthil street, arid reenter die r^on 
of die street it was previous in. This type (rf* station tequhts^HftpitrpendituUir streets be available and 
diat nets are irttowral to have wire segments in two channels of a sdtet at ttie sime position aloi^ d^ 
street Figure 4.11a illusu^tes. Such a roudng not only affects the widdi of die sU-eet containing die 



1. In fact some components are expandable [Jo79]. 
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terminals beiag intercennectcd. but af&cts die widtti of |t)e |>cipeii4U€i^rSt^ ^ wi^l. Using tfus 
scbeme, my coUcotioq of npts (xmsisyng of terrainate m one ttiPe^cm be iat»i»Miieeted. Figuce 4.11b 
sh(»vs tbe gepersi conncctioa paiteni. 

Let us return to om (xiginal cfaanad^s^uneitt proUi»i, {Mi^demP3. Tbx pm^ of 
NP-cranpletcoess of pn^teinP3 re&s m tbc fivi ik^^^^vaqt alUp^ F^re 4,12 ^lows Aat ev«B 
for instances of the probleai dbmv«l frora cmcuIim' 9n:cdtoii^0ow^}^TB4uGe&4ic nwiber of 
channel needed. We do q(X have a pcocrf' ^ Ikw (ji^i^ jisiy^^^pi^ ppbleB mu^ JOgs m NP-hiidL 
aldiough the author believe; ihMdMS is Ae case. 

We now presentasiinpkhauv^ algorithm fiM'jMsU»nP34p4.^a^ the quality of Ae 
solutions it produces.^ TTiis a^prittHn is ^bag^iism$mme^mff^M^^^ not. lAowed. 

We wUl assume that the constraint gfn^ produced by ^^yi^cpncft^ 6) does Jtot have Miy e}/iAm¥* 
that a solution with(»Ujogsdoes ei^ We &tt df^flnc tte 4nie/4tf a nod^ 

(1) AU nodes which haiw no e(||qi into tfiep4fe«a 1^ 

(2) As^ming dm Ae aodtton teveh^l^roi^ M ««di^msdJM-^^^^ « node is <n levd k if 
2dl edges enterii^ it iH« fisom Apdes<m kM«r|BwelSj9iH^ 

Since ^ coa^raint grai^ is acycHic, tte levete^ire wciNtefiiwd. TIm^ cafthecoii^Hited by iMai^ witb 
leyd 1 nodes and,fi^ yingf dgf. WeiHJpsiyrth2^aa($«^iew^litf^j0dej^ l}|^siodes 

frmn whkh diere am edg^ to a giv4m iwde »e <al^ fniie^s$m t^ J^ W*^ ^ode^ aod &m 
oinespooding Q^ are cattedfiie^fe(»isaf?^ 

Chder the oeiK in inoj^Ksii^ ocdf^^by ^ popa^^ If 

di^e are no a^^tfnuntsdue to qomiitifm (t). tiben <hc^)lhwJffgjJ^MidM»^l|y^<liy (f>|a^ |(rfud«u 



1. lliis analysis s part of joint research with Entrf Lkvd< 
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Figure 4.12: Use of jogs when act necessary. 



We look at a problem derived frxmi a set of circular arcs: 
circular arcs (8,5). (3.7), (4,2X (6.1) 
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Lew to High Fill IHm7U 

Rq)eat fiw each channel, bt^nning witti chwnel 1 and tocreasing the diannel number by one 
for each new channel until ail nets sue MsipMd: 

Choose dw first un«stgned net under the above orderirm. Assign it to a new channel. 
Repeat until ti^ channel » ^It: 

Choose tte fkst unassigned net whose terminal of lowest position is at a 
higt^r position than the temtinal of highest position in the last net to be 
M6^^ to the chwi^l. iM^ff d^ fw* t«) tte cbfim^ 

Claim IHas71J: When there are no eon^raints due to conditwn (i), the above algorithm uses exa;tly the 
number of channels as the maximum overlap of tbc odK. 

Proof: Look at die lowest pqint, j^ in die interval of dip |i«a net N. assigned lo *^ last channel. Each 
^er numl^»^ channel inwit csmam^m whoiein|enii|ii^amsp(iMi^ if di^e wew » channel, k, 
wWeh did not contain such a i»t. dien dwnet H should iMVObven^aeedm dm channel. Th» follows 
because, in die net ordwing, N is bcfoiw tile a«^.tf «iF. wl*sh w!w« plaqed ui cb^nel k after poiot a^ 
Therefiae, all lower oumbered channdt #« tes^ped n<*t,wh«» tp^rv^ ctMitain pfuni i^ The win^ 
at dits points equal to die nun^r of (^lannek used. □ 

Algoridim "Low to High Fill" will be die basis of die algoridim to assign nets to channels when 
constraints are present. Qiannels ait ^n fllled beginning wtdi channel L At any point during 
execution of die algoridim. let die set, A. of availabie nete contain diose nets which are unassigned and all 
of whose predecessors arc assigned, "l^w to High Fiir te moJifk>d to choose nets to be assigned only 



L In [Has71], Hashimoto and Stevens use a different approach to prove the algoridim correct They 
p«ove a diffcscitt^t equii^ilcmi etaim. llie proof gi«^cteflr»baSied<niKttepeoor used by Gavril 
[Gav72J to prove diat his algoridim for chordal graph coloring s correct 
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fhxn set A (the nets are ordered as befcN-e) and to update A after every a^gnineat 

liemma 45: For an instance I of Problem P3, let d,^ be the maximum over all points on the ^rcet of the 
number of nets at level k whose interval oveil^ tt» point Let h be die h^iest level. Hien 
(number of channels)|^( l)/(number of ch8nn<^)^(l) ^ mtn(h, av^d,^)) ^ n** 
where the algorithm is the modified Low to High Fill algorithm using set A, avg(d^) is the average of the 
d^ for 1 <k ^h, and n is the number of nets in instance I. 

Proofi We know that (mmAer of ctM«aeb)^(}) g; msOttmn ^ Ac d^ Ha^h. 
We prove that (number of chani»k)jj(l) ^ ^^i^^^ii)- ^^ ^i deoo^ *e set of channels containi^ a 
net at level L For k>L let C,^ denote the set of channels wid) higt^r numbers than the ]Mt dianacj 
containing a net at level k-1 and whk^ omtain nets at ievd k. Tlie number of channels used by die 
i^orithm » d)esmi'€rf'tfie)C^| ov^all levvlB. ¥&ra pas^iikt^KC^m^Wem^. V<\ Usual aapty, 

the k)we^pointinftsinte»>'ai. If »i^d»mwdlti^iiidt«i^^ »^, IMrr 

N|^ ^loidd have been piaoed in dis d^toi^. Hiis ttXksm became N,^ anist Jlw»« been in A M/hee die 
(Mnnel was ass^ied ~ all level k-1 neii «eplae(» befiwe (fi^R^'iii G^ iuf as^^Md - and N,^ pfecedes 
m die net ordering whatever net, if any, w» ^signed ^^ileiMim#iiA^#^t?^. Hwh^^efiMre, jC^t^il^r 
We have: 

(number of diannels)^(I)/(number of dianaelsWI)^ i^ay|(d,^))/max(h4n»(d>) 
<, nmihjiyi^\)) x mifl(h,av8(^}Vtoaai(MMx(d|^)) ^ miM9i,av|(<^)) 
The number of nets at tevd k B irt least d|. ITwflrilbce. 

2j^j(d^) = h X avg(d^) ^ n and min(hjwgay|>^^^. O 

If the i^ve bomdon tfie wimt^sfie-pedimraiKx^die d||a^l^ k«eum^ tfw»i^lMtihm 
can do very badly. In SatX die bcHind is the same as wwhl be oiMained for an a^oritfun whidi iqi^^et 
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"Low to High Fir on nets of a fixed tevel, one level at a time; ft^tfring «R nets on level k (l<k£t^ to 
be assjgned to tower numbered channels than tho«« of tevri k+ 1.^ ^ 

Leamia 4.6: There is an instate of Problem P3 fiw which modified Low to High Fill using set A 
produces a channel assignment whose ratio to the (^>t}mal solution b flkn^) for avg(d^) = h = n^. 

Proof: Figure 4.13 gives the instance. There are n'^ groups of nets, each of which forms an n^ level 
chain. For all level numbers, k, between 1 and h inchKtve, the intervals of all nets on level k overlap, 
giving d^ = n . The algorithm assigns only one aet to ^k^ channel. However, diere is a chaniwl 
assignment which does not assign nets to chs^n^ in alow to higharder. Amo^g nets on a level some 
nets which are later in the net oKieri^ are asslgoed tet iQwer aun^fed channel^ tJNn nets wbkA cohk 
before them in the ordering. The ncB whH3i oAie fflitt fn ffie wdehng can *are channels with nets 
which are on higher levels than they are, but whose predeoasons have already been assigned. Refer to the 
figure for detaib. q 

TTw analysis presented above illuminates the feet that art algoridim used in practice is capable of 
finding very bad sdutions. It fiwins a pdnt of comparison ftw more "clever" or more c(Mnplk:ated 
algoridims. The "low to high fill" meUtod can be used as the basis of an exponential time algorithm to 
find optimal channel assignments by trying all possible choices for each assignment radier dian taking d« 
first net in an ordering [Kei731. 

In die next chapter, we preset an idgoritbm for a special ene'ofcHmnel routing which k not 
NP-complete. The problem is to route interconnccdons »nong two point nets whose terminals lie on d»e 
outside of one rectangle. This probkm » reminiscent of die circular arc coloring problem, which it 
NP-complete. However, die paihs around die outside of die rectangle are allowed to change "color" as 
diey go around comers, i.e. die order of padis need not be die same on adjacent sides of die rectangle. 
This order can change because horizontal and vertical wire s^ments arc allowed to cross. Once die padis 
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have been routed through the four streets surrounding the rectangle, the channel assignment is four 
instances of the interval coloring problem. In the next chapter, wc show how to do the street routing 
optimally. 



^^ , V ^"^ ^ --i^-^^ ^^^ ^>'*«--'s"^> "■~--*-=?^'*^S»'f^rSS^^'^ 



-71- 
Qmf^ & All Alg^rMni lor il«itii«T«ariiiris oiv Recteiariar C^npooort 

S.1 Prelimimrics 

Wc will now present an algorithm which finds an optimal sdution to the followii^ rmiting 
problem in |K)iyn(Hnial time. Figure 5.1 pnsents an examine. 

I'hc One Kcctangle Kmt^ l^«Uen 

Given: a rectangular component with terminals around its mitade edge, rcrminals lie on 
positions which have at lea« unit ^Jacing aking die cifee of Ac rectangle. ITic unit placing 
represents the width of a wire plus the minimum ^^cii% bawccn wires. A list of nets, cadi 
containi^ a pair of terminals whkA mu^ be connect is ^ven. Each tcimtnal bek^ to 
exactly mie net 

Find: An optimal routing of the wires between pairs. Paths must be c(miposcd of line scffnents 
which are parallel to SMne side <^ die rectm^, EN^nct p^is may cros at r«ht angles; 
however, paraltel segments bekM^ng to distinct paOu nu^ be sqiariMcd by the mintmum 
^jacing. (Wc arc assuming dtat dicrc are two layers fix uiterconncction. Oik layer is used for 
the line segments in one direction, and the other layer is used fiw Hac scpncnts In tfw sectmd 
direction.) AH paths must Iw outeidc tfw roctanf^iar ana of die component An tqitioul 
routing m one whWi minimiza the area trf* die rauAest recta^ whiiA ciicumscribes die 
component and all routing paOts. Hie adcs of dK ciicunscribi^ rcctm^ mist be par^l to 
du^K; of the compcment 

l^e die rectangular component <m a cartcsiaa cooR&u^ ^«(^ so diM its sicks are paiaRd to 
die axes. Arbitrarily dwose one axis direction to be iK»i7oiitiri and one verticaL L^l dw hxmwi^ 
sicfes of die rectangle ^ bH> «id bottMi, die vcitical skies as left Md rl^ 

F.ach pair of termini can be cwmecuxl cidicr 1^ a padi whicA go<s clockwBC fhmi one erf die 
tenninals or by a padi which goes counterclockwise fiwn Ac teimnjd. IIk directkim (rf'die coimccticMS 
determine a set of intervals whidip^scpKnte wis me Mong each »fe. Ckice die iaterviris to be vsed 
by each padi ahmg a »dc arc determined, minimid^ the ict^ ackM out finrni die side is a diwad 
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Terminals are represented xi points on the rectangle boutHfany. , 

Pairs of terminals witii the swK ntnnber must b« conaected. 
An optimal solutkm a die«m. 

Yhehililft lti(te#f&^l#^rfliM^i(>iutiiN^^ im^imt itf*^ to the bottdfli is 3 units, 

llie width added to die left acte is 3 units: ttie width added to ttic r^t skte is 2 unite. 
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assignment pn)blcnt. Veitkal and horizontal se^ncnts which bdong to one piUh can \x extend beyond 
a comer as far as needed to n^ct each (^her without vMatii^ any s|)actng requirement Thcrcrore. the 
channels in the strict along one side of the comptmcttt can be ass^ped iad^xindcnt oltite asagnmcMS' 
within odicr streets. Within QXb stm!t»Jierc are no q^HjftjrtiitsJ#cJb teflsmals^acrosSr^ssiBaieapodter 
(condition (i) of problem P3 in Oiaptcr4). We have lour b)^am:«$ of die interval coloring problem - 
one for c»:h ^de. 1 Wrcforc, the tcn^ added out from each »de is c<}ujd lo ^ maximttti ovci^> of the 
intervals on tftat side, and it offices to use paths whkA only dian^ directicm to round a corpcr of the 
coinponent or u> comicct toa tcnninal. 

We must (fc^srmwe Ae difa^tioR of each connec^ng i»th so Mft die rciM(lt|ng area will be 
minimized. Wc conj|idcr two types of coancctions. Fairs of tcrannals xm Ac saim; side dr aidjaecnt ^des 
of the component arc called local connections. For tltese, k sufi^cs i^dhw^^tfw which goes 

artMjnd the fewest sides. A path whidi goes the long wjay ad<te at Icsot one^ttntt in each dtmensiM) to tibe 
circumscribing rectangte. A pattr which ftxss the ^fkirt Way cahWl^ oMm^l^^ Therefore it H 
never better to go die long way around. 

The second type ofcotmectimcoataus tNwe which gofiMnlheilcAstdMo^ light atdeor ^ 
top to die bottom. The choice of direction for top-bottom connections is indqxindent (^ttie direction of 
left-right connections aikl vke versa, since rcg^dtes of die dircetkNi used t&ta Uxp-botiom ctmnection, 
one unit is added to die horizontal dimension of die circutmci^iiii recta^e. Therefore, wc have two 
in^nces d* the followii^ problem: 

TorBottom RoHtteg ¥nMm 

Given: Terminals on a top and a botbMn, a set of ti^ to bottun oHiBCcticMS, and some load 

connections on these ades. 

Find: A dircctiiHi -- left or right ~ for eadi top to bcAtom (»nnc(^i(Hi so that the rcajftiog totai 
vertical dimension is minimized. Each connccti<Mi b made by ffma$ around lo die left or die 
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r^t as indicated by die ^ecMcm. 

In this description, connections wliich originally went from die top or bottom to an adjacent side are 
considered to be iocal connectiwis which ^ to the very edge of the top or bottom. (The portion used to 
turn die comer is not of itttonest here.) 

To solve die above prt^lem, we first redircc it to a problem of assigning 0/1 values to elements 
of two vectors so djat a matching cm die vectors is maximized, llic vectors represent die top and bottom 
terminals. Ilic representation removes unnecessary information about local connections. The value of 
"0" or "1" represents die din^tion -left or right- of the conBectiw.at a terminal. The matching 
idendfies which segments will share die same channel in die fjpl roMting, 

The major phases of die algoridim to solve {hs new a^^gnm^niprqblcm are as follows: 

1. Partition each vector into regions within whfch matching can be localized. After assigning 
values widiin a region, tlic regions are recalculated. The algoridim itcr^tj^ly assigns values widiin diese 
regions until dierc is only one unassigned region for each of die top and bottom vectors. 

2. For the remaining top region and bottom region, die a]|«|»ri^m; assigns values from left to 
right along die top region, maintaining certain pnaperdes of die nuijjber of "P"js and "r's in portions of 
die vectors. These properties guarantee a maximum matchii^ for die vectors. It may happen duit notall 
properties can be satisfied simultaneoudy when swic element s aligned a yaliie. At dMs point, wc say a 
failure has occurred. When a failure occurs, die algoridim may still be able to determine an assignm^ 
which sufikes to guarantee a maximum matching. Howeijer, it may be it^^essary to try boUi values for 
die assignment 

3. When die algoridim must tiy bodi choices for an assignment, it does not ti-eat bodi choices 
cquivalendy. For die choice of value "1", die algoridim is applied recursively to complete die 
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assignment For the choice of value "0", the algorithm is apptksd wM modificatbn. We asmmc that the 
choice of "0" leads to a better solution, not just as food a sdutiqii.^ the choice of "1". Therefore, as 
soon as there is evidence that the "0" choice will lead to no bpttcr a solution, the algorithm may stop 
pursuing this choice. In particular, if the situation in whk;h the algprithfli must try both choices reoccurs, 
it will turn out that the second "0" choice leads to no bftter^ution that the first "1" choice. This second 
"0" choice can be eliminated. Only the "1" chofcc is used, and the scared done ^>y the algs)rithm bs tlws 
bounded. 

ITie technique of bounded search is crucial ur the algorithm. Without die ability to bound the 
search, the algorithm would have exponential running time. The following sections described in more 
detail the atgorithm outlined above. During this description, a large mnount of notation will be 
introduced. 1lic appendix to this diiiptcr summari/cs that notion. 

5.2 Reduction to MaxImi/inglVfatchi^s 

The Top-Bottom Routing Problem is reduced to the pr(^lem of assigning values within two 
vectors to maximize a matehing. The vectors, T(l.m) and B(i.n), repnesenl Uie terminals at the top and 
bwtom, respectively, numbered tfcm left to right fWe wilt dn^ the t and B when it is clear from 
contbxt whether we are referring to a top or bottom terminal!) A value of '^" or I" » used to represent 
the direction of tfie connection at each tenninal. Dbilife aw vi^ ftinctlon VT: lifl,m) -*■ {0.1,?} as 
firflows: 

VTXl) =0 If flic direction of the path fifiwn terminal i to Its pair is to the left 

1 if it is to the right 

? if it is undetermined 

Value function VB: n(l,n) -♦ {0,1,?} b defined the same way. 

l£t p:T(l,m)UB(l,n) -♦ T(l,m)UB(l.n)U{*} be the pairing function. Terminal p(x) should 
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bc coonectQd to tennin^l x. Wh«ftfi(x) == * {doR'tcais)^ tiw terming *« connected to a tcnninal on an 
adjacent side. Initially, the pairing awctkm « known, mi ^Mw fiwUpn* hav<; or J values only for 
the local conn«:iions. We would like to And Vr^^VB ibr, wlvjch alldiPXtionsare determined and are 
consistent with the initial values given. We will s|fti that a ^aiue fiu^n V is consistent with V if 
V'(i)= V(i) whenever V(i)#?. We alsp say that V ext^ V. For any |^ of value ftinctions we require 
that VT(i) = VIKj) if p(Ta))=B(i). 

Wc would like to balance paths to the left y^m thpsc to the ri^t on the tt)p and botumi 
simultaneously. Let m^-p be a function matching terminals in T(l,mj|i4}f :val«c "0" to terminals with 
higher index in T(l,m) and of value "1". i.c. matehing padis to the left and right. Hie function is formally 
defined as a one-to-one partial fiincUon from T(l^J tt>j^elf «ch that if my.,<i)=j, then VT(i)=0. 
Vr(j)= 1, and j > i. Define m^^ similarly. For a partfcular VT and VB, let My,, be the maximum over all 
matching functions m^j, of |range(my ,,)|. i.e. My^js the maximuiB nun»ber of Wjatches among T(l,m) for 
a given VI . Parameter My g is defined »n#afly. 

We will reduce our routing problem to a problem of assigning "0"s and "l"s to maximize 
My.j-f My,j. This is justified by die following l^nia: 

i^nma 5.1: Given a Top-Rotiom Routing Probl^n wift lo^ cwincctions represented by vahie 
fiinctions VTq and VB,,. the problem of finding VT^ and VBf.wder whi«?h all direcOonsarc defined and 
for which the vertical dimension of the circumscribing rectangle is minimized is equivalent to the 
problem of finding VT^ and VB, such that M^ + U't&psmB^aei over aU Vf and VB which map T 
and B to {0,1} and are consistent with VT^ and VBj,. 

Proof: The mirtching Amction myj. corresponds to determining^ which horizontal segments above die top 
side will share die same channel. If my,. (i)=j, ttien in some channel, die segment ending (goingleft to 
right) at terminal i is followed directly by die segment which starts at terminal j. Each channel begins 
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wkh a segmciH mnninr fnmf tlfc top frit e«ige (a «e|^^ 

or wWi a sepncnf wfMdi b^lwit a ^wdwNJ kllWrtflfciftrllijiiftoted^^i^^ ThJc rJ^rtttKMt 

segment in eafeh^Jteuirf Isa^siegiH^m ttefegWtlKfa^ ri|w^ (Vt,^ f)(l)€fetl,h) OTp(\y=*) 
or a segtnent cndif^ at a (FvaWefl ifetitnriaJ^iA^y *iiyyi^ itliisn^ 

pflssibfc coBfigiirations. Ilie dawiifei^ 

asignmcnt of sc^ncnts to dumnds kt each niyj. . The ai^^sient dwf^^Hr\yiea to diat we Snil a 
«teteWng %r each asslgmttis* fo (^«iaii Tliefe^is'Tl^ eM0M Wt^^tt^aS W$/e^ channel 
ass^imnciits »id matchi^^vi^: 

number of channels used = number of se^nents going lo left cd^ + numtier of unmatched "rs 

This gives: total vertical dftncnaon corre^poncUng to m^^ fimctions «yj. and m^ 
i ht oTrcctengMieiKitedli^* # dW««ls#«i|i^#^ 
= h+ #top segments going to left edge + #u«BMiJrtiiimM*^, 
-I- # birtttm segment goii^t to r^ ^Ce -f # ma^l^id "^tittlMOimi 



■ rs»'.|fW 



= h + # tq> scpnents going to lefte^ + # *i"s attop - ^»^ny,. t 
-I- # bottom sepncntsgoti^ to ri^ edge -I- ^^f'i^iigMi^^^^ 



Note that: # "r's^top :^.. # t^sf^neqtijD^|»ei^iMtii>t- |riifiBef*lcntsgeiiigtoiHM«r«i0e 

This^ves: minimum total veiticat ^memkNi over lA imte^i; ftm^om for VTf md VBf 

h + -#tofi«giica» ^¥^#%i«^ici^B^^|N^^li^y h'%^ -^0«vt ■*-'**vbJ' 



at „ , „ ,r.,.,^.,. __ 

WhereC = (# local connectitws t(^ mid bottran) 4- ^# t^beoim csmecUom) b a constam 



instance of th«; ipi«ii^ probteww 1lMs^ic,«iiiii|^^ iht>^^ 

We rww present the varimis phases of the dgorittin «*fch ftiKfe vali» ftiMrtioies VT^ and VBf 
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Fisure 5.2: TossiMe configurations wben fiNiiv channels. 
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maximi7Jng(My^. + Myg). 

S3 Dcfmiag Regieas 

llic following description will be in terms oFT. An anak^otis d^vdopmcnt is assumed for B, 
Ijct T(x,y) denote the tcrmio^ls from x toy JDctusivc. In any left tntcnud, ItUK for any \<,m, wc would 
tike to maintain the pnipcrty that nu more than half the terminals arc I'valucd. Iliis property mu^ hold 
if every 1-valucd termiiial in (],i) is to be matched to a 0-valiMd terming with smaller index. If more that 
half the terminals in a left interval are I-valucd.- some of #)cse 1-valued terminals cannot be tnaU:hcd 
under any my.p If at least half the terminate are 1-vatucd. any ?-valued tcnninals in the interval slwuM 
become 0-valucd if we are to maxiflMzc the number of matches. Sfintfariy, wc want no more than half 
0-valued terminals iii any ri^t mterval to insure ^at these Q-valued terminals can be matehed. Because 
of the local connections, it ^ not always possible to maintain di^c properties en any kft or ri^t mterval. 
Instead, wc define rc^ns within which these b(iun<|s h<M. Wilhei ||i0sp fi^ons matching can be 
localized. 

For a given vahje fiinction, VT. let ZfiROS^<S) = {t€S|Vr(i)=0}: ONESy.^S) = 
{i€S|VT(l)=l}; UNDErr„<S) = {i€S|VT(i)=^?} wliere SQT. DefiBC the property OK-l(VTji.y) 
(similarly OK-0) which is true if and iMily if PNray^<Xii^ ^ LH(y-ii41)X (Wc us the notation 
"ONESyT<x.y)" rather tha» "ONESy/JTx.y))") Ateo define Pt^M(VT.x.y) (similarly Full-O) which is 
true if and only if pNESy^x,yH ^ r^(y-x + 1)1. Property FMll-'*M>^4.y) «s tme when at least half 
the terminals in T(x.y) have value "b" under VT. Note ttiat FuH-l(VT.x.y) and (MC-l(VTxy) can be 
simultaneously true wily if pNF5y.j^x.yM = »A(y-x + l), an tnteger. Full-l(VT,l,i) indicates tiiat the 
terminals in UNDHrry.,.(l,i) should bec(Mne 0-valucd if we arc to maximize tlwj number of mirtches. 

We will now define the regions of T within which matchii^ cm be localized. Left-regions under 
VT arc formed scanning T fhNn 1 to m. A new region bf^im when the previous r^ion has at ka^ half 
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"l"s. Similarly. ii|^-«Gfiuiis under VT we taterv^^T acMRit^ ftwn m to 1 and counting "0"s. 

Fim (k&H; fiMK^iem /yy aai fy^ n»(^^ ?t0 tai^ 

/vT<l) = l 

/yT<l) = i if Full-l(VT,/y^i-l).i-l) 

/y^<i-l) otherwise, fi)ri>l 

rvr,<j)=j ifFull-0(\n,i-|-l.ry^i + l)) 
ry.j<i+l)otf»erwtae, forj<m 

Hie ftiAGtwn J^- ini^esttvequbirieiice^felttiotvoft T(l.ni)un(^^ 
are equivalent if and only if /y^i) = ly^). Ihe resulting equivalence ^iMges are ^tcrvats of T(l,m); the 
lowest element of each a an cleMent of the rat^e of fy^-. T^ese ^uivaleiite ckusiis arc called left-regions 
under VI'. A new region begins when the prevlout Ri|^h htt aileMt half "Vs. Simftuly, ry.,. induces 
right-regions under VT which are interv;te< whose hi|^i«l#miciit ^att element of ttie rar^ of ry^ 

Uiuina 5.2: (a)OK-l(VT,/y.^i)4) unlea /y,<i)=i and VT(i)=l 
(b)OK-0(VT.i.ry ,<i)) unless r^i)=i and VT(i)=0. 

Proof : We wW prwe (a). The proof for (bX M aaatogoi* 

If /v,<i)=* and VT(t)i»l, then pNESyTi(lH««*t^(H+i^i and OK-l{VT.i.i). Ff /y^i)<i, 
then not (Full-l(VT,/y.j<i-l),i-l)). Inihiscase/yT<i)=/y.^l-l)and 
|ONF5^/y^<i),i)| ^ |ONBSy.,</^^i-l).i-l)|+l< nA(l-/y.^i)n + l = L'A(i-/y^<i)+l)J+l 
andOK-l(VT./yi^i).i). D 

On all the left-regions except possibly the la^ at least half the terminals are 1-valued. Such 
regions arc called full left-regions. We define a delimiter for the full regions. Let Lyj=m if 






FulM(VT,/y^m)^) and lyj(mH^)$mmiae. UtR^?»i if Fi«^VTil,i5^» aMr^lHl otherwise. 
Lemma S.3 shows that the full left-rcgtOMcan<M'q^^ iuQ^i%hC-|i^oai^)My v^iitt^K terminals in {he 
interval of overlap arc 0/1-valued. 

Umma 5 J: If Ly^ > R^p then |UNDRT^<RypI^)| = 0, i.c. all directbns arc known on (RypLy-f). 

Proot: Assume Ly.,. > R^. The proof counts the number of "0"s and T's ncccKarily in (Ryp 1^ 
using the definitions of Ry^ and I-yp 

Case I: PNESy^i(Ry^.Ly.,.)| > jZEROSy.,<RypLy^H- Suppose Ly^ m in rangc(r^). Then 
(RypLy^) is a set of right-rcgions of T. Since FuIIhD te true for any rijlit-icgion of teiminals greater than 
Ry,^itmustbethatFulHKVT,RypLy^ Himpm,welummmEn^^imii^mt^m^ 
as"0"sm(RypI^. TWsgim 

lONESyT^Rypl^H - |ZER0Sy^l^^4;y|» =^i4^4^ 
and no elemecte of (Ry^Ly^ have ¥)tf«e T iwd« VT. 

Weiiow st^jpoaeX^ is not ill die niti^^r^ Tha 

|ZHROS^<I^+l,r^l^+l))j < rMr(ry^I.y,.+ lHI-vT+l)+l)T »'^ 

TyrCLyj + 1) = TyjILy , ). Interval (Ryj-ry^fl-y^)) te a set of ri^t-rcgions and FuII-0 holds. This ^ves: 

IZHROSy^^R^LyrM = \l{^OSy^(Ry^Ty^Ly^n•tmiO&y^Ly^+lTYJ(L^}% 
iZEROS^RyT^Ly,.)! > r^(ryj(\.y^y^*immt0^y^^-t^^ ;tJ4^^^^^)l , Le. 
I^llH)(VT.Ry^Lyy) aialtiBtfiH^ ne^eleme^ftf^^ 

Case 2: pNESy.,<Ry.pLy.|.)| < |ZFaiOSy^Ry.pLy.pH Th« case is proven in Ae same manner as caac 1 
with the roles of Ly^,. and Icft-r^ions intcrci^ngcd witfi Ae n4es of Ry^ and right-n^ioiis. D 



The matching witfiin the ftill left-regions (1.1^,) or die ftifl right regions (Ry^ra) can be 
maximized indepemtent of die rest of T. Our atgoriAm uses diis pn^wtty to break up the prcA>lenL 
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lliecKism SI fbnm^ twes ^Mefmid»iic»of the r^^ 

TlieoMiii 11: Ijet V\\ be a ^vcn teitlal value ftinctioii tfcfiiiiiii R^^ and L^r • For every VT consistent 

with VTq and every ma&hing ftjnction m^p there is a matebing function m'^^. (freeing with myj on 

6-valued terminals In (1^^^. -H.m) but matehing each 0-vaiued terminal in il,L^n. ) to a 1-valued 

*'o 

termini in (1,1.^.^ ) «Rd audi ^m |raiige(iti'y ,iH 2l |iaiige{i*ry^. ATi«ogot*dy, fliere is a mafiching 
ftitictioii m"y.,- agmhii witti ra^^ on hvahicd tefminife in (l.Ryp -i) but matching each 1-valued 
terminal M (R^^ .nt) b) a 0- v^Md {emttflal in (Ry^ .m^amtfiwhoBe rai^ is mkm m^h^b. 

Pro^: We will only prove the exIstewDe of m'y^. TTie proof of die existence of m'^., is similar. The 
proof is by induction on the number of left-regions in (l,I-rr )• 

Oasis: (l,Ly.|. ) contains at most one region. 

If Lyp = 0, then (l,Ly.^ ) is empty. If Ly^ = 1. Oien VT^d) = 1 and (1 .Ly^r ) does not contain 
any "0"s. In ddier (^e, ilie disenm Irttiviaify Mtt. 

If I^ > 1. dWB /vt0^vt>=*- Thetefope, Oi:-!(Wg.lXy.^ >. We also have 

Full-l(VT-.l.LyT. ) and ean cdncliMie |C»«I®vt O.Lvt )| * MiL^t • For any value ftinction. a 
*.o 'O 

maximum nwichini can be ftwnd bysiawni^ T torn Item. Each time a "1" is encounteted, it is 
matched to the lowest min*ered yet unmatEhed "i". As teng » therearc noraore "l"s than "0"8 in an 
interval (l,j), there wBl be an yet unmatched i§" in <l,l-!> to man* a l-valued termhial I. In die case we 
are considering. OK-l(VT(,.l,i) holds (br every i^L^. . Therefore every 1-valued teraiinal can be 
matched to a (^virtued t^mioat if ril ?-v{dued termtra^ hi 0.*nrr ) b^eo»tKl O-vidtted. Since Uiere are 
l4Ly^. 1-valued termiMb in(l.Ly.j. >untter VT^, such a llwtdiing totction woutd match all 0-valued 
terminals in (l.Ly^ ). For each 0-valued or ?-valucd ii^ini^ under VTq in (1.1^ ). we can associate die 
1-valued terminal to whfch it wouM in^h under tl*e iri>ove matching. Given «ny value function VT 
comistent with VT„ and any maldiing ftinctlon, my^, the desired fflaiching fiinrtion m'y.p can be 



m ^^S^"*- - -*.'^- J.*"*. ^•*«*«««^*s«^^6*»*!!?!«r«>-~'jgass«,\,4»5fe-^ti^^ 
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creatcd by malching each O-vahicd terminal «<JJ.yp ^m the Ae 1-vriiied toa»ii«d4t is»*eiated i»fth 
and uang the malching defined by m^^, for 0-valued terminals in (1^^ ^). Since m'y^ matches at km 
as many ••0"s as m^p Nngc(m'y^j^ is at leairt as large a& Irao^mypj^. (Recall that matching fuoctioitt 
are one-t(>-(me so that the ^main ofa matchiiig fonciion k die saoM size as its rasge.) 



Inditftioo: Cowldcr ttw fii«teft-Ri;i«i. By ftc Afiune^imd in ^ b(«Hfli itematchi(« of t^ 
this r<«i«n can be jrcsiric^ to dic/l"s«%! fciipit. ^Rwvefefe. wtJiH^^oeMf^ttic firtt re^oMd 
consider the rew^iflgtamw^ib as a new ^@Mcf^ TN: MNest^K;^ tfie mmmm tmtmuik ate 
unchanged, and we apply the inductive assumption. The desired m'y^. uses the matching of "0"s in the 
firet left-region to "l"s In the first left-region and the matching of "^"s at die reroaitting ftill teft-regi(ms 
to 'Ts in the remaining full kft-n^ionsolHained by the inductive fOHBoplkxi. Q 

5^ Assi^ffiCBt within Rei^lMS 

Given Theorem 5.1, we can show tfiat it »ilgcesiQ coa^klK A««t^ VI' ei^^ 
wliicha^gn all ?-valucdtcrniMMlsii 1(1,1™ )!}» valu« 'T an^aB'T-vrtied terminals in (Rvr M)lbe 
vahic "1". Tlajabp hold* for VB. Wieoretn 5.2 states ^fe ^mMil^v J(be 4i|ptltfitn % assigifiiif v^im 
begins by assi^Qg these values m <hc pr^inall^ t-valwe* teisi^ail iiBdl *Wl»if8. m»n a CMffliet 
arises, Le. T(i)€(l,l^^) and B(» « pail»€(Ryj. *) jar TO)aRy.j.4i^«Nl a(^ «i|»PeMia^|^|. 
either ehotce can be n^ide. We cheeie to df^neite tl^»kkmm^m mmfi^mti mam^ia^ 
^k>wi«gpid4»: 

l,Msd(eid|?'>v^iKd termli^ Mfy-vr )^)^ tti^bdtttwniK^ 

3. Make all ?-valu(^ t^nuni^ in O^l^y^Md AeirW^ii^^^O^ 
4^a|(e ^t >vaitied to^nals n(H^n .of aiidlN^ ii^lMiis 1-1^^ 
TUs <»der gives « prc^renee to as^ipm^itt^ft^fKed;^ ^ tpp««l^iiat. liectttlf« eaGii«f 1 
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flirou|h 4 defines new fiinctkiws VT^wl Vft which tit^nd VT^jmd VBgi^ which may be extended to 
value ftiiKtions ^:hievi«9 (t» nwuiWiUii (i|^:liBg {H^ "^ ^vbJ' ^^^^^ new Ainctions may induce 
new teft-rqiions and tj^i-r^kms, The a^ridtm Ff|«im^ comptKb» new L^p R^,, L^g, and Ryg, 
and appliof one or I through 4, each m turn, luitil ihere tm n»|Ult nq|k)^ oMitaiiu^ T" valued tenntnak. 

Ilicorim ii: Let VT and VB be any pair of value AincUons consistent with VI „, \\ and tlic pairing 
ftjnction, p. If there are ?-vaiu«J terminals under Vr^ in (l,Ly.,. ). then there are llinctions VT and VB' 
consistent with VTg, VBj,, and p, such that alt ?-valued terminals in (l,Ly p ) under VFj, arc 0-valued 
under VT', and My^< + Myg' "^ My^ + Myg. SimltArty, ftere are vahic i^nctions assigning ?-valued 

terminals in (R^^ ,m\ (LLyttj^' '*'' ^*va»'"^ *® ^"'*'*' **^"' "'^"' *^ "1" re^»«ctively. without decreasing 
die sum of the maichings on T and B. 

Proet: We will only prove the statement for fl»ed vi4iij» to (l^L^ ). F^ooft for die oUier intervals are 
analogous. Suppose ttierc are ?-va|i»d temunate in (l,lyc^^ under VT^ If these terminals are 0-v^u«d 
under VT. we arc done. Suppose ^re m stKh jereiinate which.are ntH fi-valMed uwler VT. Define 
value ftinction VT* to agiee with VT on (^^+1.0i),bltf asf^ eadi ?^vali«5d termtaal under VT^ hi 
(l.Ly^ ) the value "0". Ut m^^ be a maximum matching hmcUon foe VT which matehet each 0-valned 
terminal in (LL^j. ) under VT to a Ivalued terminal hi HXy^ ), By Theorems.!, such a m^p must 
exist. Let myj.' be a matehing ftinction for VT* whi^fgreet with my^ on (Ly^ +l.m) and matt^ 
each 0-valucd terminal in (l,Lyj ) under VT* to a l-v^wd teoniaal in 04^ )• Again, Wy,.' te 
guaranteed to exist by Theorem 5.1. Then. 

(ran|c(my|.')i - |rangc(myT,)| - |ZEROSyf<U^ )| ■ IZERQSypd.LvT X = d. 
But, My.p< ^ (ra^my,')( and Myj = |range{my^. Hicvcfon;!, M^j.' - My^^ d. Tte cprH»^M>n#^ 
VB' differs from VB by changing at most d "?"s or "l'*sto "0*'% This can d«su^ at most d rai^ vahia 
of any my^, giving My^- Myg< ^ d. Therefore My^' + My^f ^ Myj. + M^ D 
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It rcmahM to a»^ 0/1 valties to any ^1ahied Tttrihfaals of Tttyr +l,RyT^ -I) and 
B(Lyg +l,RvB -1). where VT^ and m^ate Ac lattcxtoftslons of Vtgafl^ Vft^ 6bta!ncd by the ahbve 
assignments. Intervals T(I^^ +l.Ryj -l)attd t(Lyy +i,Rya -1) may he cfflfJ^. Given TheortmS.l, 
we can maximize the sum of rtatchcs withte T(Ly^ +i,fty.f -^1) asid B^l^g +1 *^vb irttdcperident of 
the full rc^ons. We remove the ftiU regions and define a new T and B containini^ only dip remaining 
terminals. We get a problem on vectors Tfl^n') and Bd^n') with new pairing function, p'., and new initial 
value fiinctions. VT'^ and VB^. such that 

m' = Ryj -Lyp -1 and n' = Ryg -Lyg -1, 

VT^i) ^ Vi;(Ly^ +i) and VR'^Ciy = VB^Lyg +i). 

The pairing function, p', corresponds to the die old pairing ftimtion when both terminals of a pair are 

within (Lyj, +l,Ry.j. -l)and (Lyg +I.Rvb -!)• If a terminal within one ofthesc intervals was originally 
e c e c 

paht^ with a terminal outside the intwvak. flien dte i*w fiinctiori pirt« this terminal with ♦ (dtm't care). 
Any terminal orighially paired with a terminal obts^dfe ttitesc intervals is 0-valued or 1-Valued uwter VT 
or VBj. Since die pairing ftinction is only needed fof t-valucd terminafe,HChangihg die |»triiv of ttich a 
terminal to * docs not change die prt^lon. Tlwnew vali« fiinctioni Vf j, and VB'q. Indue* exacdy oiw 
left-region and one right-rcgiGn on eadi of 'Itl.m') and B(l,n*y. f»loite of^ieie nigioiis b ftiH. 

The assignment to the new vectora is made U!^ng prtJCcdure^AN-ASSKiN. 'fhc procedure b 
called with Inputs {1Xljn1,B(l,ftlp',VT^ViB'gX mrtsf pi^d*^ 

top-b«t<Mn pairs of ^valued terminals dw vajue T* when6*# ttMt wilgnmeiirwould nc* c*^ a 
bottom right interval, fl(s,n), with more diat half O-vakied termlflds. Wlwn Midi an Wtlsrval wouli f5«i», 
SCAN-ASSION ffics to reassign die terminals fhc value "V. Wm wdtildt«iBate a top left interval. 
1X1 ,q), wiUi more than half f -valued terminals, die procaine Mops and nsdms "FAI1 *. The procedure 
which called SCAN-ASS!OI^ must handle die failure, ff no falKtre Ocedrs. K:AN-ASSIGN continues 
aligning until dicre is a ftilftop ri^t-regl<m, ie. a right ihtervat widl itf ieaMh^"D"s. Anytemdntng 
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?-value(J terminals are assigned the value "1". The procedure S€^N-ASSIGN is defined in Figure 5.3. 

The following two lemmas and theorem prove the correctness of 
SCAN-ASSIGN(T(l.m),B(l.n).p.VTg.VB^ when it succeecte in assigning "0"8 or "l"s to all ?-valued 
terminals in T(l,m) and D(l,n). 

Lemma 5.4: Ixt VT. and VBj be the value ftim:tions s«|Mmed by variables VT and VB after considering 
terminal T(i) in either the Rm or s^nd FOR loop during the execution of 
SCAN-ASSlGN{Trl,m).B(l,m)^.VTg .VBj). If VT^ afltf VB^ do not define any ftill regions on T or B. 
then for any i, l^i^m. VTj and V»j mk^ *c ftiil^wli^rpfopertteg: 

Forallk, l^k£m,OK-l(VT,.l.lt) 

Forall k, l^kiSn, OK-0(V^ii,ft) 
Furthermore, if SCAN-ASSION(T{l.ra),B(l.m).p.VT^.VB^ enters the second FOR loop, then for all 
value ftmctions VT^ and VB^. where T(j) is considered in this loop, |ZEROSy.p (l,m)| = T'/iml. 

Proof: We first prove the properties Ibr ftiiKtions defined in the first FOR loop by induction on i. 

Basis: ITie properties arc true for VT^ and VB^ by hypoUiesis. 

Inductitm: By inductive ^numption, the properties are true after considering terminal T(i-1), ie. 
after die (i-1)''* execution of Uie loop. Function VT. differs fixmi VTjj at most for T{i). For diis to affect 
OK-l(Vrj.l,k) for some k, die following must hold: pNESyj. (l.k)| = H4kJ. k^i, VTi.j(i)=?, and 
VT.{i)=l. However, if PNESyr (I.k)|= H4k J. then VT,(i) is not assigned "1". Therefore, for all k. 
OK-l(VTj,l,k) holds. For OK-0(VB..k.n) not to hold for some k. It must be Uiat: |ZEROSvo (k.n)|= 
m(n-k+l)J,k^p(i),VBj.,(p(i))=?.andVBi(p(l))=0. However, if IZEROSy^ (k.n)|=L'/4(n-k+l)J. 
then VTj(i) and VBj{p(i)) arc not assigned "0". Tljcrcfbre, OK-0(VBj,k,n) must hold for aU k. 

If SCAN-ASSIGN enters die second FOR loop, let h be die first value of j considered in diis 
loop. Execution of the first FOR loop is completed because Full-(KV1 ,|.|,q,m) holds for some q. We 
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Figmc $J: DefinitiMiof SCAN'ASSIGN 

SCAN-ASSlGN(T(l.m).B(l,n),p.VTg.VB^ 

/Assigns 0/1 to ?-va!ued tennhuris in T and B where t^ sQ, R^ =sm+l, Ly« =0. Ry^ =n+i. and 
no region 8 ftiliy 

V1:=VrgandVB: = VBg 

FOR i = 1 SriW 1 uisrm. (3q^B-(i(VT.q^ 
IFVll(i)=?'mRN 

IF (Is) p(i)Cl¥s3) and|SfeR{^y^s.nM = L i4{n^ 

JF(^HS<iS»«M|ONKS^ii,«H^t>fcM THEN 
RFritJRN(FAlLI.VT.VB> 

F:i .SE VrO): = and VB(p(i»: =0 

END ■, >. 

FOR j = i STF:? ITHROUGH m 

IF VTO) = ? THEN Vra): =^ 1 and V%>aj|:^ 1 
END 

RFTIURN (SUCCESS. Vr.Y^ 
FJSiD SCAN-ASSIGN 
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knw that b^2 mAm9^mm^^i»t)^awm VT^on m»>iwd for nok does RjB-0(VTo,k.m) hold. 

If Q»»l. we know OK-|(VTj.j.l.t.l) hofi^ % tiie ffte part of Ais froof. This implies that 

IZEROSy^ ihq-DH ^ r«/4(q-l)l siaeeiio tenrtwih to^J.h4>J*e ?-valued OBder VT^ ,. Then 
h-l " ^ 

IZEROSy^, (l.m)| ^ r'A(q-l)T + r'/4(m'q+ 1)1 ^ fViml. 

However, |ZfiRCWy^ (l.nr)| < r^mT; otberwMe, the fim loop would not have been repeated for h-l. 

Therefore. |ZBROSy^ (l,mH = r'/4m1. ITie second FOR loop docs not a^tgn any "0"s. Thercfoj^, 
h-l 

for all VT., h^^m, |ZfiROS^(l,m)i = r'iml. Ateo. since OK -0(VB^.j,k.m) holds for any k. 

OK -0(VB^.k,m) holds for any k. 

It remains to show that OK-l(VTj,l,k) holds for all k. Since any VT^ agrees with VT^.^ on 

Td.h-l). OK-l(VTj,l,k) must hoM for k<h. Suppose ftat for s^e k^h and some j^h, OK-l(VTj.l.k) 

does not hold. Since the number of 1- valued terminals Increases on each iteration, OK-l(VT^,l.k) must 

also not hold. Since no terminal is ?- valued under VT^. IZEROSy^ (l,m)| = T'/iml implies 

m 

lONES^ (l.m)| = mmJ; therefore k?*m. 
m 

For any i^h, jZEROSy^ (i.m)| = (ZFJlOSy^ (i,m)| < r'A(m-i-Hn. 

m 

This implies |ONES^,, (k-i-l.m)|>H4(m-(k-H)-l-l)J. 

Then lONES^.. (l.k)|<L%mJ-LV4(m-k)J. 

- "* ,■- 
giving lONESy^ (l,k)| < T'^kl, contradicting our assumption that 0K-1(VT ,l.k) does not hold. P 

Lemma 5.5: For any call to SCAN^ASSiON as H Lema»3.4, 0ie first FOR loop is completed with i^m. 

Proof: If the lemma does not hold, then after I = m in the first FOR loop: 
IZEROS^,. (l.m)j<r'/4ml. 

Ill 

However, by Lemma 5.4. jONESy^ (l,m)| £ L'imJ. in^lf iag |ZER<M^ (l.m) ^ r%m"». D 
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TNofm 5J: 1^ YT^mi VB^ be mtM vtkte ^mc^sm wMcii indiiae o&Mt vegiMs eaT and B. ff 
SCAN-ASSIGNaxl^ HImX P^ Vfg, Vl^ «tww^C€»S,yi;-V6^^ theii n^ awf V^ 
maximize My^ + Myg over iAW Mid VB ewiaiste^iwifc V^^ 

Proof: Since OK-l(Vr^,I,k) rwkte (br l^k^ra and pHES^ (LraJT = H4inJ. My^. = U/kmJ, the 
maxiaiiim possible. Since OK-0(VB^.M) hoUs for I^l^n, each fl-vahied bottom terminal can be 
matched, and My^ = IZRROSyy i\,n% If My,j = L«/I»i, then no brger m^tehing is possibte and 

.1 Bl ». 

we are done. Suppose My^ <L%nJ. LetMyg =LHbJ-A,A>0. Let VF and VB be any other vrfue 
ftifKtkms conastent with p,Vrj^ and V^ Wemi^^mAat 

Since tfie initially ?-vakicd terminate we ass^^d 6/1 v^ucs m Uiprhmam psin, we have: 

(zER0Sy,.^(i^)l-fzER0Sya^(U)t= ^moSyj iijmii-pmmyj^nM 

= r%i»"R%aJ+A aid 
|ZERC»yj<l,m)( - IZEROSyy^djnH = pSMByg(l,n)t -^ROSy«(l.o)(. 
Let |ZF.ROSy.j(l,ra)| = rMtm1+z.wtee z is fflty tetter. "aeK 

IZEROSyg^LnJI = |ZEROSy^l.m)t - (^AOSy^d^X > ^iR(^ (l^X^ 
= r%inl+z-(n4«l-L%»J4-A)= L%iU+z-A. 
Case I: z<0. Then My.,. + Myg ^ pgEROSy^^Lm^ + |ZmOS^l,ii)| 

Case 2: O^z. ThcflMy.^ + Myg < pi«tSy.y(I^t+ |ZEK)Sv^lji» 

S t%raJ-z-l-i%»J+z-A = i%mJ+L«r«J-A. D 

It rcn»iM for us to deal tMttli a retera eT IFAfL k,W.VIM^ ^ivt 1feicffH>iiig hmr i Mme k 
handled, we prove tfiat for certaifl vafcic fonctmns. the value of a tcrmtaid can be witdmt friMi wie of 
"(T or "r to flK odicr wMiout ^scrc^tng My-^H-My^. These value Amctioos «fe consistent witfi tfie 



--f;^^,»^^^^'cfi-. .j0 ^r>^^-i^j-^^^ ^^^rtB^SS-r-^ ':;;-*.'. 'W-Jfe^a** ' -'^^^.^^*f" ■»»--. --s. - 



-97- 
initiai value aincUont i»ed a* input to SCAN-ASSION and m^ only "0"8 and "l"s. They assign an 
imbalance of "0"s and "l"s in some left or r^ intervid. We will use this ability to change the values of 
terminals to prove that Ae value fbnctioM returned by SCAN-ASSIGN do not assign too many or too 
few "0"s and "l"s to achieve an f^Umal matchi^ 

Umma 5.6: Let VT^ and Vl^ be initial value ftinctions which define no full regions on T and B. Let VT 
and VB be any Amction consii^nt with VT^. VBg, and p under whkrh no terminal is ?-valucd. 

A) For any x. \^xS^< if pNES^^^l,*)! ■ |ZERCMy.^l.*)| > 1, then there is a terminal i in 
T(l,x) such diat Vr^i)=?. VtXi)* 1, and the ftinctlons VT* and VB' obtained by changing the values of i 
and p(i) to "0'' are su(* that My^.'4 Myg'^My^+Myj. 

B) For any y, l^y^n, if i2KR6Syg(y.n^ - i6NBSyg(y,n)| > 1, then there is a terminal i in 
B(y,n) such ttiat VBQ(i)=?, VB(i)=5 0. and die ainctiom VT and VB' diulned by changing die values of i 
and p(i) to "1" are such that Myj'+Myg'^My^+M^. 

Proof: We will only prove A. The proof Ibr B is analogous. Since 10NESyj<l,x)|-|ZEROSy,<l,x)|>l, 
Uiere are at least two 'T's in T(l,x) unmatched un^r any matehit^ftmcdon fi» VT. 

Let diere be a matchiiv Aiaetkm achieving My^ for which die termiiiai of lower index among 
two unmatched 'Ts » ?-valued un(ter VTq. We Will stKm by contrat^tfon diat such a matching function 
mu^ exist. Given wch a matching function, change die value of the termintd of lower index to "0", 
changing die value of its bottom pair as well. This defines VT* and VB'. The new "0" can match die 
second unmatched "1", giving My^=Myf+L In B(l,n), at most one range value of any matching 
function has been destroyed; dicrefore. My^'^Myg-l. It follows that My.^'-H Myg' 2s My^+My^. 

We now diow diat die matching f\inction described above must exist Figure S.4 illustrates. 
Supp(»e diat for any matching function achieving My^, at nuM one 1- valued terminal in T(l,x) which 
was initially ?- valued (i.e. under VY^ h unmatched, and diat if dierc h »ich a terminal, it is die terminal 
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Fipre 5.4: The pro^(^ Leann SJL 



Qaim exi^: 
1 



T: 



m 



unmatched 
?-vaIucd under VT0 



unmalched 



Otherwise: 

any 1 -valued terminal under VT0 ism<Uchcd to a 0-valucd terminal here 



m 




all 1-vaIucd terminal under VT are also 1-valued tinder VTq 
all 0- valued terminals are matched to 1-v^ued tcrmto^b^-^ 



Figure 55: DcfbiitiM of C 




set C includes an **l"s 
asigited hy SCAN-ASSK3N 



B: 



iT^ -"i^ -^ 



of highest index amo^ aH wmmhed "1"% in T(l.x). Then, for any matching fbnctifMi adbkiyii^ My^^ 

there is at lea^ one 1-valued tertninid under VT^ which h unmatehcd. Consider all matching functions 

achieving M^^ ftn: which a maximum number of 1-vaIued terminals in T(l,x) arc matched. Among these. 

consider only those functions for which a maximum number of originally ?-valued, now 1-valued 

terminals in T(l,x) are unmatched (either zero or one such terminals). For each of these, note the indices 

of any terminals in T(l,x) which are unmatched and are 1-valued under VTq. C?hoose the matching 

function for which the highest in(kx, say u. te obMincd. No initially ?-yalued terminal in 1Xl,u-l) which 

is 1-valucd under VT is unmatched. Each 0-vjdued terminal in T(l,u-1) must match an initially 1-valued 

terminal in l'(l,u-l). Otherwise, the matching fiinction could be modified so that d)e offending 0-valued 

terminal matched u. If the offending 6»virfued termlnid had been unmatched, this would produce a larger 

matching; if it had matched a terminal in T(x -M,m), this would produce a matehing under which more 

1-vatucd terminals in T(l,x) are matched. If die oflendir^ terminal had matehed an initially ?-valued 

terminal in T(l,x), matehing it to u would produce a matehing with a larger number of unmatehed 

1-valued terminals which are ?- valued under VT^; if it had matehed a teiminal in T(u->-l,x) which is 

1-valucd under VTq, this would produce a matehing with an unmatehed terminal which is 1-valucd under 

VTq and of higher index than u. Any of these po^ibilities contradict our choice of matehing ftinction. 

There can be no matehed 1-valued terminals in T(l.u-l) which are initially ?-valued nor any unmatehed 

terminals of tfiis type. All 1-valued terminals in TXl.u-l) are initially 1-valued. Since all 0-valued 

terminals in T(l,u-1) must mateh 1-valued terminals in T(l.u-1), we have: 

|ZEROS^,<l.u-l)| ^ |ONES^l,u-l)| = lONRS^ (l,u-l)| 

Since no terminals are ?-valucd under VT, this implies |ONESy^ (l,u^lH ^ rV4{u-l)1. contradkting die 



hypothesis that there arc no full repons under VTg. O 






5JBi«Wii|a-|tflw««' 

Let us suppose that SCAN-ASSIGN returns (FAIL k.VF.VBX We wUl now describe what is 
known about T. B, and their value functions after SCAN- ASSIGN rctiims. Wc win use this iaformatioo 
to handle the failure. Procedure SCAN-ASSIGN rebims Ac valtw, k, of loop varii*lc i when 
SCAN-ASSIGN encountered the faihire. Therefore we know that Vr ^ and VB^ . arc the value 
functions returned. There is a q>k such that jONES^. {l,q)| = L ViqJ. Wc will use the smallest such 
q. There is an s satisfying die following three prc^rties: {i) p(k)>s. (ii) |ZEROS„„ (s,n)| = 
L'/i(n-s+l)J, and (iii) each terminal in T(l.k-1) which has been ass%ned die value "1" by 
SCAN-ASSIGN is paired with a terminal in H(s.n), i.e. ONES^t (U'l)ONESvr (l.k-l)£p(B(s.n)X 
lliis last property follows from the fact tiiat SCAN-ASSIGN only assigtis VT{i)=l when, at the time, 
(3sXp{i)€B(s,n) and |ZEROSyg(sji)| = L%{n-s-i-l)J. Therefore, wc can associate an s^ witii each 
?-valucdT(i)madel-valued. Once iZER0Sy„(8j.n)l = L ^n-s,-H) J for some Va^.fte number of "0"» 
in die interval docs not change in later iterations. Tterefore, choosiiw the smalfcst of any such s- and die 
s^ associated widi the failure, we have an index, s, which sstfttfies all diroe pn^rties. In fact, we use die 
laigcst s which satisfies all direc properties. Note OuA VT^.^(k)= Va j(p(k))=l We also know duit each 
tcnninrf in ^s.n) which is assigned a "0" or a "1" vahie by SCAN-ASSK3N must be paired widi a 
terminal in T(l,k-1). since no initially ?-valued terminals m Tfk^n) or their bottom pidn have been 



Let C be die set of initialty ?-valued termiaais in T(l.q) whoge aain are in Br8,n) (Ftgute S JX 
For an optima] assignment at die top. all remainiBg ?-valued eenninals in fiUd should become "(Tt. Fbr 
an optima] assignment at die boOom, aS nmiaining ?-vdued ttrmimifc in B(s,n) should become Tt. 
Obvioiffily. on C dicse arc conflicting goals. We wish to find Q/1 asBignmcit&i fiv the remauting ?-vahied 
terminals in C (including k) for which some extension will achieve dw maximum sum of matches. To do 
diis, wc firtt prove diat we need only consider vsdue functions whidi ass^ a number of tTsor Ts »C 
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within a ccrt^iB piofe. L^C 






To simplify the statement of tfSe Jemmas to fialtow. let "assume die standard state after 
SCAN-ASSlOM letarns 'FAIL'" mean: "Assuming VT^ and VB^ are initial value ftinctions which define 
no ftill regions on T and B. let SCAN-ASSIGN(T(l.mK B(l,n), p, Yig. V|y return (FAIL k. VT^.j. 
VTj.j). Let q, I, C. Cy Cj, ami c^ be u we have defined them above," 

Umnw 17: A^mme the staodafd state after SC;Am?A|SiaN mmm "FA JL". Ut VT and VB be 
arbitrary value ftinctions cuniiaient wtth VT^, VB^ antf f UB#r whM» ittem are no T^valucd terminals. If 
c^>l. then for any %, l^x^c,-l, there are value ftjflcti^fii VT «id Vjl' ateo ewwistcnt wi* VTq, VB^ and 
p under which there are no ?- valued terminals luch tbiU 

Myj> + Myg' ^ Uyj + M^g awl pNESyy^^ «s Cj + X 
If c^= 1, there are such ftincttons VT and VB' fbr which c^ ^ pNF4yf»(C9| £(^+L 

ftoof: If s > 1, letDbe ihe set of initially ?-vaUied terminals in T{l,q) whose pairsare in B(l,s-1). 
Then: |ONESy.^l.q)| = |ONESy^C)| + 10NESy^<D)| + pNESyj (l.q)| 
Note that pNES^. {l,q)| = |ONFJ^ (MH + jONESyT. (C)| = H4qJ 

Cascl |ONES^(C)j ^Cj + x, where if c^=l,x=«L 
We use induction on lONES^C)! + pNF5y,<DJ|. 

Basis: PNF:Sy.^C)| + pNES^E^ = Cj + x. Then pNES^^C)! = Cj + x as desired. 
Induction: Assume that the lemma holds ift 

c^ + X ^ pNF:Sy.^C)| + pNESy,^D)| < Cj + x + i. I > 0. 
When pNESy;j<C)| + pNES^DM = c^ + x + i, dien: 



, ^_g^ >^. ^..sw.,-, .*.^„,^,B^ ,-^.- i,^;^.^j,« y.^^^^^ ^^ l iMg i fi P!^ ia ' yftg!pttjg ap^a^!gy^«B»^P^^'Ste>'^^ 
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|ONESy^l,q)| = Cj + X + i + |ONES^ {l.q)| = LViqJ + \ + i> L»-*q-l + 2 
If pNESyj^C)! = c^ + X, we arc ckme. Odierwite, *e twe l^ima S.6-A. 

|ONESyT<l,q)| - |ZER©Syj(J,<^5r t^qj + 2 -{rViql - 2) ^ 3 
Therefore, by Lemma 5.6-A, there arc Wwi^yiSfmAt ^t My^-' + Myg- ^ My^ + Myg and 

lONRSy, 4C)| + PNES^r^OM = PNESy^C)) + |ONESyj(D)| - 1. 
By inductive assumption, there arc YT" and VB" such that My^" + Myg" ^ Myj.- + M^' jmd 
pNKSyj..<C)l = Cj+x. 

Case 2 pNESy,<C)| ^ c^+x, where if €7= 1, x=0. 
Then IZEROS^OI > c^ + Cj + c, -(c^ + x)) = c^ + c, - x. If q<m, let E be the set of in|tia»y 
?^ valued lenmnate on B(s,n) whose pairs'arc in 1Xq+ hm). iJrt p^) demoted 

|ZEROSyB(s.tt)| =t IZEROSy^CptOH + |ZEROSyg(E)r + |ZERO$y„ (s,ii)| 

WelmowlZEROSyn {8,ffH= |ZEROSy« (p(C^+ |ZERf»y„(8,nM«L%^^ 

WeuseinducUonon |ZEROSyg(p(C))| + IZEROSygC^. 

Basis: |ZEROSyg(p(C))| + IZEROSy^EH = Co+c,-x. Then |Zf?R^yg(p(C))| = c^+c^-x, implying 

PNESyB(p(Q)l =Cj+x as desired. 

Induction: Assume the lemma holds fim 

Cj)+c,-x < |ZEROSyg{p(C»| + )ZEROSyp(E)|<Cp+c^-x+i.fori>0. 
When |ZEROSyg(p(C))| + IZEROSygCE)! = c^+Cj-x+i: 

|7^R0Sya(s,n)| = Cg+c,-x+i+|ZEROSy„ (s,n)| = lVfc(n-s+l)J-»-c,-x+l^ L^(n-84-l)J-»-2. 
If |ZEROSyg(p(C))| = Cg+c,-x. then pNE$yj<C)| = Cj+x as dc^red. Otherwise, we use 
Lemma S.6-B. 

|ZEROSyg(s,n)| - |ONESya(s.n)| ^ L I4<n-s+ 1) J + 2-<r VHn-s-J- 1)1-2) ^3. 
By Ixmma 5.6-B, there are VT and VB' such that Myg' + My^. ^ Myg + Mygand 

|ZEROSyar(p(C))| + |ZEROSya<E)| = |7^R0Sy^(p(C))j -I- lZEROSyg(E)| - 1. 
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By Inductive owwBfiUwi, th^ aw VT" and VB" ««* #* Wy^* 4- Myg" ^ My^' + Myg' and 
PNES^'<C)J = Cj+x. D 

We now know duK tinNe »e ^mkic ftm^kHilili^ta^Hi tflifc maxtmum sum of matches which 
assign at least as many "t''s in C as Sa4N*Ai8I®l#4M»aii^|«etf. Hew^ver; we do not knew if the 
particuter dMiees A)r l-^valued Icrmtftato wW^^lM^ to M^^tfntli s^iMiEm. We wifl now ^)w di^ except 
ibr pos^^ one termteri «^ch we «aR «ii# iR4 fC^l^^i^GNtiai niicl^ gded ehoieel Note fliat 
tlw di^ctiw made l«*i«e»c^*tawN^I M#l^^ 

extensions of VT^ and VR^ bei^ constderod. diere are^ouf^ nece^arily unmatched "l"s in T(l,q) or 
unmatched "0"s in B(8.n) so that we c4« trade off ^ mMslKSi^^ifM tk^tom matches. When c,- 1, we 
know that an optimal assignment^ «4KiHive at feast one umfMilMd'"V*^^on T(l,q) or one unmatched "0" 
Oft Mi,»hM(meMw>witimummiiti»me^0^ whsn^a %Ms unmatched ittlHs.n), 

the €tt» "r in T{1^ iwBy malt* « n'* III '«(4H^lM^ 

in IKl,s-l). The algorithm must try b(Mh ckMces - leavit^ one unmatched "1" in T(l,q) or one 
unmatched "0" in B(s.n), 

The terminal which may have been incorrectly aa^ed is the smallest numbered 1-valued 
terminal in B(s,n) which is ?-vahKd under VBg. Asnime tth is terminal i. Given two terminals, u and v, 
with u < V in T and p(u) < p(v) in B, assignii^ "0" to u and "1" to v te always preferable to assigning "I" 
to u md "^ to V. Hik » tee^se «^ lenrthiM^^^i^h^v lir pC^cawiliaieMfHten #ley ftre^-v^ied. u <tf 
p(u), respectively, can match when diey are 0-valued; any terminal which can de iMich^ to u orf^ii) 
wtem diey «« l^wtiied, can bettiaicbed to v # p(v), «i^|ieetive^.«lum tf»j^#n I'VlA^ Therefore, 
as^hig "0" tBrtt and p(u) and "l'' te^ v ani^p^^ gi«e#Mteatt aS'lifp MmieM^ oneii^ of T «id B as 
die opposite aa^Rn^nt. Hiereftwe* if tmi«iiMrt1^ali#te pairafli^smaNeriitHnbered^^^a^^ p^) and it. 
rc^iecttvcfy. then it b better to hav| termimrf i^^-vahMstf aflKt «mnMit t t^ataed tfian vice versa. 
Hmirever, the preferred le^gnmc^ is not «oitrtden{ witti ¥B,^.j and Vtt^.^i We deffne new value 
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ftinctions which maintain the intporunt {M-q^ities of VT^.j and VB|.j^ Init iMomi the preferr^ 
assignment 

Dc(lnitioa(sec Figure S.6): Assume tte !^andar4 st^ after SGAN-ASSiOH returns "FAU.". Let i be the 
teimtaal of smallest index in B(s,n) which is ?-valitedun4er Vi^g^aod I-'valued under Vfl^.j. CmiMy, 
p(tKk- If i<p(k). let h = i; odicrwee. let h = p(k). By ^flt^ioo of h, «ti l<^«aiued tcro^uris ia C ai« 
I^if^d with tciminals in B(hj»), IJcfine VT^^ Md VOf, M ftMows^ if h =ic p(k), then VT^ = VT^.j and 
VBf^ = VB^.j. Ifh?t p(k), Aen V1^andVBj^^g«»wHhyT^.,aBdVB|.je^ 
where: 

VBf^(p(k))«l Vfij5^)«? 

Note diat OK-l(VTg^,l.x) holds Ibr all x. l^^Q. «nd OK-flCVBft^A) hokto for all y. s^y^n. The 
"standard state after SGAN-ASSION returns 'FAIL'" will n«»* wicludeh, V*rg(. and VB^j^as justdefeed. 

Wc will now prove that VT^^ and VB^^ arc satisfactory cxtcnsicMis of VTj, and VBjj, i.c. they will 
lead to a pair of value functions which achieve the maximum matching M^n- + M^^ . I.<»nma S.8 gives 
prc^rties of extensions of VT^.^ and VBj^ which will be needed to prove diat it is sufficient to con^der 
only diese cxten«ons. 

Lamna SJI: Assume the stMidard &im aft^ SCAN^ASHCiN eetuma '^FAIL". Let VT ami VB be 
extrasions of VT^ and VBq^. 

A. If there is a ?-valued teiroin^ in T(p(h),4) under VT^^ v^ikh Is l-viduodunder VI!, thm. for 
any 1- valued teiminal, \,'m liljed uodcr VT. tfiere a « mi^citet^ to^kHiiiiiv^ adiKVMg My^ whkto 
m^dKs each O-vakied terminal in T(Lq) toa l-w^ued terwwrttn^'^lji^Milteftvesi iwaateiied. 

B, If there is a ?-vatued temrinal in B(Sih) under Vi^ wMch It (Kiwlued under VB. thei^ for mf 
0- valued terminal, j. in B(s.n) uiuto' VB. there »»o»teM^AiQeyoft t«^^^|ievti«Myg whidi mirtchei 
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Figurc 5.6: Definition of h. 

Case 1: h = i 

T: 

■ 

1 



B: 



P(i) 




all " T's in here after SCAN-ASSIGN are "l"s 



under VR 







Case 2: ii = p(k) 
T: 



B: 




all "l"s in here after SCAN-ASSIGN are "l"s 



under VB, 
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each 1- valued terminal in B(s.n) to a 0-valucd termiiia} in B(s,n) and leaves j oiiMdyed! 

Proof (rf A: irsaflKestodiowth9ttZeROSy^<x4M< pMSy||x;^^^^ IfUusistfuc. 

then we can produce a matching on T(l^) which matches eadi "0" in 1X1.4) to a "1" in T(l.q) and docs 
not match a given 1-valucd teiminal l We define j^ matching function by scanning T(l,q) from q to 1 
and matching each "0" eii^ntered to a yet uniiiatcht^ "1" $)f higher iiub» other than L the fact that 
r/EROSy^<x.qM < jONfiSyp(JwqH gu»raitfifis fliat we will find such an unmatched "1" for each "0*. This 
matching can be extended to a matcliing whkh achieves Myj by Icttii^ the matching agree widt any 
matching function achieving My.,- on "Cs in 1Xq+ I.ni). 

For any l in T(1^X we will shew that fZ^OSy^4x.<|^< JD)H^yi^x.q)| ty idiom that more 
tfian half the terminals in T(x,q) arc l-valued under VT, Siqqjflse 1 ^ x ^ jKh). Then, by hypothesis: 

pNESy.,Xx.q)|2i lONESyr (x.q)l + I. 
Forx = LlONESy^ (l,q)| = UAqJ. For*>lrii'ckiMiwthatOK4(VTj^a^-l)holds. Ther^fw^ 

lONi^ (imUI ^t^4qJ rl%(^l)J > t %Ol-x + 1)J and 
fit 

|ONESy,(x,q)|^ L%(q-x+l)J + 1. asdesired- 

Suppose p(h) < X :^ q. We claim thirt jONESyf (U-IM < L ^x-1) J. If true, this gives: 

fit 

|ONESy^x,q)| ^ lONESyf (x.q)| > t%qi - LMKx-l)J^L%(q-x+l)J as desired 

If X > k. then pNF^„. (l,x-l)| = |ONESvr (l.x-l)l < iH(x-l>J. Odbermse, we would have chosen 

x-1 as q. but X < q. If x < k. then ^nce X > p(h), p(h)#k. In A» case, 

lONESyr (U-IM = lONESyr (U-l)|-I 
fii k-l 

since VTg^(p(h))= ? and VT^ j(p(h))= 1 and the vakw fuflctkms i^»e everywhere else «v T(l,k-1). Smce 
OK-l(VT^.^.U-l) holds. lONESyj (l.x-l)|<Ll*(x-l)J. 

¥toet of B: It suffices to ^low that pNFiiYB(S.yM < )ZER€»yg(s.y^ for all y in B(s.n) so diat ail 
1-valucd terminals in n(s,H) can be matched to 0-valued terminals in B(s^) without usiof j. - Produce dte 
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imt^hmft ^)^ samniiy fnwai to a.: A»«,^ fvoof of A^ v» fmte that mwe than Mf die tenninals in 
B(s,y) are 0-valued. For y ^ h. by hypotheat: 

|ZER0Syg(8^)j ^ fZBROSy- (i^X -1-1. ' 
We know |ZEROSy, (s,n)| ml^(n^+ 1)4 amf, |f.y < i^ OK-0(VJ|^ + In) holf^. Therefore: 

For y < h. Q(y + l,n) contains p{k) and a)] 1-vaii^ tert^jnals in C under VD,^,^. Ilicrefore, if 
|ZEROSy» (y + l,n)| = L Vi(o-y)J, we would have chotro y 1 1 as s. but y ^ s. Therefore: 

|ZEROSyB(s,y)| ^ IZKROSyg (B.y)|>L#(n-8-ti)4 : LH(p-y)4^ |,>/i(y-8-H)J. □ 

Now tiiat we have L^mIw 3.1, we can proi« a two |Mrt 1k«0ttn whiiih, when combined with 
Lemma 17. p^es Vt^inmk sImcH for an (^tim^ (Mxtkn^; it fe sufficient to consider 

only value fonctions consistent with extcmtons of VT^ and VB^^. If c^ > 1, Sie extensions give all 
termtnais cm T(l,q) md B(8^ "0" at "I" v^f«; ^ % **l % J^ l»tmj^$ ^ jp(h) am the figftly ^rnp[inals 
in these intervals whose values are MX fUed. 

Thedrem 5.4-A: Assume the standard stetc after SCAN-AS^ION returns "^FAlL". Let VT and VB be 
vidue foiK:tiDiis cooitecnt with YT^^ VBq and p for w^ii^ ikf terminal is ^-valued and such that 
PNESyj^C^ = Cj+c|4. There are exien»km VT^ and VB^ oT^/Tf^ aw* V\ crtraistcnt with p and 
six:h(htf: 

(i) ho termitials are ^valued 

(li) all ?-valuedtcrmh«l8 in 1X1 ,q) under Vt^ with pafrsin ^t.s-1) arc 0-valued under Vt^j^ 

(in) all ?-valucd terminals in B(8,n) undcrVfig^ wlfli jlairs In T(q-h t.m) arc l-valued under Vfl^ 



»*5^ ,-j^«a.;>t»,>.>*^'s« ••- V i -,--,% ■«ig's-j-i4.<sj»=J^^^^i3s»=.*-^V.ffe<^c8^^^l8^B»»*y«s«,'«-»*»^^ 
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(iv) if c,> 1, »U1-yaiued termwab inCunda' VT^«cept^h^arei'valuai«iiderV'rjjjj (c,-l of 
them), and VT^(p(h)=0 

(v) Myj + VB ^ "™VT "^ ^VB' 

Troof: Properties (ii) throu^ (iv) (tefine all valued of VT^ Mid VB^ on T(l,q) ami D(s,n) except those 
of p(h) and h when c, = 1. If c, = 1. we will begin by letting H't^(p(hW == VU^(h) = 0. ITiis may be 
changed. The values of terminals in T(q+ I,m) and B(U-1) wliosc paht are itj ft(s,n) and T(l,q) arc also 
defined by ii and ni. Note diat ii, iii, and iv deal widi dii^oTht sets of terminals so no conflicts arise. 
Figure 5.7 illustrates. We still must ^jccify the valuM under Vr^j^ and Vft^^^ of tcnninal pairs with one 
teiminal of each pair in T(q + l,m) and die other In fl(l',s-l). For ?- valued terminals under VT^ and VB^ 
of this type. VTgj^ and VBgj^ agree with VT and VB. 

We prove My^ + My.^ ^ Myj + Myg by ccmiparing die inaximum matchings in various 
intervals and combining. Let m^n be a matching function acfaieyii^ My ^ and myj be a matt;biiig 
function achieving My— 

I. Consider B(l,s-1). I^t S^ be the set of ?-valued tssrminals in B(l,s-1) under VB^ with pairs in T(l,q) 

which are 1-valued under VB. The only termuials in IKLs-l) whidi are ?-valucd under VBq and 1-valucd 

under VB^ are diosc which are ?-valued under VBgj with pairs in T(q+ l.m). This follows ih)m the Ikt 

Uiat any ?-valued terminal under VB^ which is 1-valued under VBg^ is in T^s,n), and any ?-valued 

terminal under VB^ wiUi a pair in r(l,q) is 0-valucd urwter VB^. FuKtkma VB^ and VB agree on ail 

?- valued terminals in B(l,s-1) under VBq widi pairs in T(q+l.m). Therefore, every 1-valued terinlnal in 

B(l,s-1) under VB^ is 1-valued under VB. Each of these terminals whk* is matched ut)der niyg can be 

matched to die same 0-vahied terminal under a matching ftinction^r VB. l-ctniyg be a matching 

ex 

function for VB^ which matches " 1"5 in B(l,8-1) as m^ docs. The matching under myg on B(i.n) will 
be defined later. We have: 
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Figure S.7: Assignments umtor Ttediwi A4-A. 



T: 




■. -fl-^-i^j:*^ -^^V-^'-sTi- -^ - ^ ^.i-^' g.^'-^tr-g.pWife^^wgg ^ ^ ^ a-^^rS^ j^ '^^•^s^gis^^^^^ 



-110- 
Imatched "Fs in B(l3-1) under niyg I = 

ImatGhed T's in B(l,8-1) uMctiBygl - {malted "l"s in Sj under niy^ 
Imatchcd "1^ in IKl,s-l) under m^g I ^ |matt*ed "r$#i^l.s-l) under myj - |Sj|. 

II. Consider T(q+l,m). Let S^ be the setof?-»*icd terminate under VTg in T(q-f-l.m) with pairs in 
B(s,n) which are 0-vataed under W. Each &-viiued4ef«i(nal i* T(q-f l,m} under VT-is ^-valued under 
VTq or is ?-valucd under VT^ and Vt^^^ and is paired with a tcrrainal in IHts-l). Thcrcfiwe, every 
0- valued terminal in IXq + l.n^ under VT^ is 0-valued under VT. Every such "iKi whkh b matched 
under m^j. can be Hialched to flie sam^ *r under a mailSi^liBcBon 1for Vl^ let m^^p ' be audi a 
matching flincdon on T(q+l,m). 

|matehcd"0"sinT(q-H^)un^rmvT. | = 

jmatehed "0"s in T(q + 1^) under m^^ - jmatchcd "0"s in Sg under my,J 
Imatched "0"s in T(q+ l.m) under m^ | ^ jmatehed "0"s wi T(q+ l,m) under my^J - JS„|. 

in. Consider B(s,n). Since VB^(h) = 0, i^imma 5.8-B Iwlds. Under VB^, each 1-valued terminal in 
B(s.n) can be matehed to a 0-valued terminal in B(s.n) whtte leaving any paiticular 0-v^ued termind 
unmatched. Oxnplete tfte matehmg m^g (tefined m B(l3-1) in I by such a matehing on B(8.n) whidi 
leaves h unmatehed. Weknowflutt: 

lONESy^QI = lONESyr (CM = Cj-l-c^-l and 
|l-valucd terminals in B(s,n) under Vfi^ wbidi we ?-valued under V^ and have pain In T(q + Ijn)! 
= Itcrminals in fl(s,n) whk* are ?-vaiued uaAjr VBg and have pain bi IXq-f Ijtb^ 
= ll-valucd terminals in IKs,n) under VB which are ?-valued under VB^ and have pairs in IXq^- Lm^ 

+ ^ol 
Then, |matehcd Ts in B(s,n) under m^^ | = PNFSyg (8.n)| = PNESyg(8.n)( -I- |SJ 

d . ttl 

^jmatehed "rs fai a(s.n) under mygl -f- |Sg|. 
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I VXonader T(1,(0, We fiMiteiiittier c,*» I i»4«^l 1^^ 

For c^l. flwre ^ ott«r ^B»i«#iYk» UNC^^y^^ C^llaWe h. These terminals must lie in 
T(k+ l.q), since no termhial except h ia T|4j^ J*vii|yii nwjftVTj,. Siiwe k^p(^) and tiiesc terminals 
are 1-valued under VI^. Umma5J-A applto, Wo*(rrr^.8l«f»J»*^i iii TO;q) earlwaatch to a 
"1" in T(l,q). Complete the mateWiigjW^ deiMRlpf flt^ifftjrt>iii*liM«i«uch« matching on T(l,q). 

wSL 

Wckiwwtfutt: 

jD^valued tcmiflals j» Ta^V«n<l8c VTjjj which 8^^ 

- j?-vajue(t icrroinals in 3Xl^ji»#^A%«#h 

== frvataed*ern»te«liifiT(|»fl>un#rVF*Wj*««7iwli»iiii^^^ 

+ |Si|. 
ITicn Imatehed ••0"8iii T(l4») under «iy^| » IZEROSyr a*«S =^ |ZER0S^|1.<|)| + |Sj| 

W . ' CI 

^ Imatchcd "ff's in Tr(l4it>iuii4er nt^ -h '^jf. 

Combining I through IV gives: 

tAyj + Myg ^ JRm^(w^ i if lnw«e(m^g -Jj^^ lafipdny^-*^ MfetBiyBM = M^r + Myg. 

For c,= l, siiKe iM ?-i«due<) ibisimh^ iq 1(M> unrfer VT^ aie #vaHK!d under VT^. 

ONESy^ (l.q) = ONESy-r (MJ. Siiice (MI-UVT^,U) Wd« *i til K ip ^M^^^ LViqJ "Tsin 
ex & " 

T(l.q) can be matched to ''©"s in T(l,^ muter VT^. The dflliiutiaa of myy on T(l.q) is such a 
maiphii^ 

|inaiched"0"s on T<M) wader "ivT I - l^'-^qJ =? ^AOS^ (M)jf(f4fa}-t-L%qi) 

^>atehcd "0"8 in JXl J^wider m^^ + jS^ ^F%q>t ^i). 

(i) If q te even, the above implies, with I tlm^ UkiiMb M^ + Myg ^ My^. + Myg as 

ex a. 

desired. 



^«i"A»«^^S5«t*>«»*s. -'"»*<"■ »•»'«-— *-«*«^i*»iii»s«i*e»i 
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(H) If any of the inequalHksdedtteeilii i »iaapf W%ltta.^»^l^ 

Assunie(i)aii(il(ii^do«otlieM. If^^eO^tlMlt 

It follows that un(ter njy^ mwc than half^ tcimioals in Tl(I.q)arc m«chcd"0"s. ThjstiJrtf^ily'befrue 
if an element of ZEROSy^Lq) malch^ tt eiaRKi«^t>f Cii^^ff 1^^«^ »^ Each l-^Oued 
terminal to 1T<|+^i,Bi) «adcr VT is t'^fsk^m^^r^-*f4sd/30i^'i*^ikm lematttT ii! *Il^¥lih) 
matched under my^. is matched to i ^ W H^%lji|^'i^^iaiKMto ^^i^ toyi- 

IlierefeR^ Aen mi»t Ixs an uI^ttateit^ I^'aliaeEi ^Mitti# WiErek att»id 

m^^ so that the unmatched "0" in T(l.q)matclKS this "r. Tten, 

|rt«idjcd "Ts m T(],(0«Ader fliy,^ | = (ttuitcNd '^d^ ^j^ «Bider Wy^ and 

ex " at 

We now suppose that ^ J > @. We know diat 

1matf:^*4'^itt«(i^lf im^BiyB^at Itotoc^^ fi(||srli*«aef w^^^-JS^r Abp 
TTiere mua be an unmatched "0" in B(U-1) under my* , dace no "(T in B(l4-1) roalche»»*rin 

■ ■ ■ w '. 

B(s.n) un^r diis aaftAiiig ftiiictioii; Wheft fflyii it»4t^0im9f0j^M flR,#'wit1fe*l iiitmalched. 
Modify VT^ and VB^ so that YTJ^pm^ Vfiji^^t^ mW^^^l^,myj k 
unchanged. On Tihq), I^enamr S.8-A now tg^pttoi^d^ *«««« <ilfii»efiy^ itirlMt'^li-yidu«l tennimdt 
MlXl^arc axatehed to }-va]u€4ieni4ifateba^i^ 

Imatehcd "0"s in T(l.q) under myr I = IVfcqJ asbdbre. 



'- 3^ ■* •*3«^i*«.s^^f«*--^ - '^■^ V^.^.^w^rt,r¥'-^?r "N,r-*^ '--^^ - ^^ -S ^ ^ J -■ »fej^«- >*». V^ J ^- '►^ ^ ^-- " ' — ^ ^Mt*;^^ «^-. v^"-^ 



On ^RCJSyij (M-ll. in^B ^^^""^"^^^^ |»iviow|^ iamaldted "r » matehed to h. On 

« m 

ei ex 01 ' ''•!'' 

Note that we have changed VT^ and VB^ SO tft^p(h)m(ih are I'vahied. □ 

Now that we have Theorem 3.4- A, we know how to handle "failures" when c^l. By 
Lemma 5.7, diere arc value ftinctkuis VT^ and VB^ consistent with p, VT^ and VB^ for which 
PNBSy-p (C)i = c^+c/1 and which achieve die moximtun of My^ + My^ over all functions consistent 
with p, YYq and VBq. Given diese ftioctions, «« i^ipty 'fh«}^,S.4-4 Md^w^jthat theif arc extensions 
of VTf^ and VB^^ consistent with p and satisfying (i) through (tv) of Theorem S.4-A which achieve 
ffly^ + My^ . ThcreJftjre, for alt terminal which arethVkiti^ or 1-valucd under VT^j^ and VBj^, we can 
fix tfieb' values to t>c diose under VT^ «tfid VBj^;' W iiir EennlnaB whose vafues arc dk:tated by (ii) 
dirou^ (iv) of Theorem S.4-A, we can fix dieir values as dictated. We now have new initial vdue 
functions under which no terminal in r(l.(})w B(s.n>fai ?' valued. We «rc fuaranteed that Uiefe are v^ue 
functions which achieve M^^ + M^n and which are con^tent witfi these new initial value fuiK;tioraL 
Some terminals within T(g+l,m) and I^l^-ljp^y have acqi^ired Cl/1 values under tlv: new initial value 
functions. We can recursively apply die algpndim. N^pni^ wit}i computatran of tcft-regioqs and 
right-regions, to find extensions of die new initial value functions which juaxiinize die »im of n^s&dies on 
T(l,m) and B(l,n). The number of ?-v«hicd J^rmimdijMi decnpappd, unce at leapt h and p(h) have 
changed fitrni ?-valued to 0-valued. 

When c,= 1, we first need a niodificd ve^ion of TlK^rein 5,4- A, Wien Cj=\, I^rama 5.7 <Mily 
guarantees diat dicre arc fimctions adtievit^ die maximmi m^hi^ My,. + Myg . with pNBSy^ (C)| 
equal to c^ or c^+l. Theorem 5.4-A can tfMy be ai^p|fed If 0NI3lyy (ti = Cj. Iliercfbre, we prove a 
modified version. Theorem 5.4-B. fiir dK case diat PNESyy (C)| = Cj+ 1. 



j%j!E5-i!S**6*«r s^^ji-*;^-*.^,^,^-t-i^^'^?v^:™ ^ 
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Thewcm 5^B: Assume the ^amli^ ttate «ter SGAN-ASSWN mmm "FAIL". Let c^= 1. Let VT 
and VB be value functions consistent witii VT^, VI^ mdp^ vMckmtemiml i& ^vdu^ and isadi 
tbat |OMES^€)| ^ Cj+ L There an ema^mrd; VT^ and VB^ <tf VT^ «Bd VBj^ cc«si«cnt wi* p 
and sudi that: 

(i) no tenninak are ?-valucd, 

(ii) ail ?-valucd terminals in T(l.q) under VTg^ with pairs in l^l.s-1) arc 0-vaIucd under VT^, 

(iii) all ?-valucd terminals in B(s,n) under VBg^ with pains in T(q+l,m) are 1-valued under 

(iv)My^ + Myg > Myj- -t- Myg. 

fix Gi 

Proof: We need to modify the proof to Theonan 5.4-A so tirat ^ rales of iritefy^ T(liq) and B(s,n) ane 
interchanged. Functions VT^ and VB^ are defined » before esMs^t that we begin with VT^(iKb)) * 
VB^(h) = l 

r. In ^l,s-lX as fiM-ThcOTwn 5,4-A. 

lit. Tn T[q+ l.m), as fijT Thecwem 5.4-A. 

in. In B(s.n). Lemma 5.8-B does not hoW. but ZBROSLg (s,n) = ZFilOSyg (s,n). Therefore, 

OK-d(V^.y.n) holds for Mf y in B(s.n). All L%(n-s+i)J *^s In B(s,h) cm be matched 10 "l"s in B(s,n) 

under VB^. As in ttic proof of TTietKan S.4-A: 

|ONESyg(s.n)| -^ |S^ = lONBSy^ (s.n)| a«d 
jmatchcd'T's on B(s,n) under myg | = pNF^yg (s.n)|- (r^n-s+l)1-t«/4(n-s+l)J) 

> Imalched "l-s on B(s,n) under myj-t- pgj - (ri4(n-s+l)1-H4(n-s+i)J) 

IV. Lemma 5.8-A does hold and we can <te6fe niy^ so diat p(h) is IcftjUwnaliMan^ 
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Imatchcd "0"s on T(l^ underiOyr I = J^EROS^ (l^M 

= |ZEROSy,<l^ + |Sj| 5j,fciMacJi#'rsin Xaq 
WehaveMy^ + Mv« ^ Myf + Myg-(r''4(n-s+l)1-LV4(B-s+l)J). Ifn-s+l isevenor 
anyoftheineqMalit|^inIthivu|t)IVace^rk:t,««ti#va|^d^ Awimenot if|SQlsO, then 

I '^{n-s + l)J + 1 sjinatchcd " l"s cmi ^^) w^ myg|. 
llicrc must be a 0- valued terminal in D(l.s-1) which matctor^ Hahjcxl tefmnu^ in IK^) under myg. 
This 0-valued terminal under VB i^ also 0-viriucd uiKter V^„ wd wnmat(d)ed under rayg . We can 
modify myn so tlMithcutMnatehed'l" in ISM) w^che&t^''0^fivli^^^ ;^ ^^ 

If ISqJ > 0. we modj^ VT„ and VBgj. We h«»: 

lONKSy^r {q+l,m)|-knatohed"0"» in T^+1^) under m^r | 
a ex 

= |ONESy^q+l.mH+ |Sj^-i|miib?hc4"rsinT(q+l.m)^underm^|-|Sol)^2 

We conclude that there is an unmatclKd Ir valued terR\in4 »h T(q'+t l,m) uncfer pyp . let YTgj,(p(h)) = 

ex 

VD (h) = 0. Now p(h) can match die unmatched Inva^i^d teraatoalifl T(qr{*l.m) and traqgeCmy^ ^ k 

increased by 1. In B(5.n). Lemma S.8-B now ap^ie» ai^we stUl b^ve 

(matched "1 "sin Q(s,n) under my» 4 = l*^n-s+l>J 

« 

We conclude di9t Myj + Myg ^M^ + Myg. D 

ex ex 

Given Theorem S.4-B in addition to Theorem S.4-A, we can deduce that there are value 
functions consistent with YT^^ and VBj^ and satisfying (ii) and (lii) of Theorem 5.4- A/B which achieve 
the maximum of My^ + Myg over all functions con«stent with p, VT^ and VB^. However, we do not 
know what the value of p(h) and h should be. If the terminal pair ^ assigned "0", there is an extra "0" at 
the top which may be matched to some terminal in T(q+l,m), but one 0-valucd terminal in B(s.n) will be 
unmatched. If the pair is assigned "1", die opposite is U^e, Therefore, we do ncH know which to choose 
until wc have completed assignments within T(q+l,m) and IKM-l). Since p(h) and h may be the only 



. ^- -^ 3f\,^,^,^-^^ -^-^^ .-■^.^•aM^^lSj^Si^^S^LO, 
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?- valued terminals in T(l,q) and B(s,n) under Vt^ and Vftj^i»« cannot ii» a recursive af^pik^ 
algorithm. Therefore, tfie alj^Hiftni iinist try botili jios^tikib for h aiidip0iy. If we were to apply the 
algorithm recursively for each dioicc, the running tn^ could be oi^poaerittal in the number of terminals. 
Therefore, we use a modificMicn of ttie proeedurei ii^f^vv^ssci'foeid » ^.' Hie main procG^nre. wbic^ 
given VTq and VBj, finds VT and VB wWdi maxImiEe My^^ + Myg. Is trilled MAX-MATCH. The 
mo^fkd versioit is cafled HErFER'M AKM. 

When we arc trs^f^ vjAic "1" tor h witd p(h), we will rccur^vdy apply MAX-MATCH, 
beginning with die computation of teft-ieiims and r^piti^^iiMis: on 1P(t,nt) and ll(l,n) fo( taHidI viAie 
fonctions which extend VT^.^ and \fl^ a& diciaited b^rpfM^rties^) and (iii) of Theorem 5.4-A/B and 
under which p(h) and h are 1-valued. When wc aiv bynig vdtie tf* for h xid p(h), we use initial valued 
functions which are the same as fortiie firft (ihoiee ei^ept t}^pi^)^inid hM^ejN^alQiEd. However, in this 
case. MrreR-MATCT B used. Procedure ^nteMHlATCH doet not ibdE for a pair of value 
fonctiOBs con»stcnt wiA dK ikw inftid^^ vaiwi fondkiiris «id wtil^ mait^fees Myp + Myg over aR 
consistent fonctlofl pairs. R^ier, die procedure iodEs M a ptiriifcassks^ ftmctic»^ which maximizes 
My.p + Myg over all consistent fonetida'ptHis iM atiii6i^ir^bett^ any fonctioA pair 

consistent with the initial value fonctionsv^Mii p^)i^ h ate^l^^dbM^ Coii^d^ all fonction pairs 
which maximize die sum of matchinp on T and B over di flln6ii6{»4KH«bQf^t with p,'Vf ^ atfd SfW^. If 
under one of dusse, h and p(h) are 1-valued, dien a Junction pair aduevini; a better matching with p(h) 
and h 0-valued does not exi^ Looking cmiy fcN* better malchii^ ^Hows i» to bound dw search space of 
dtc algoridim so diat exponential ninnii^ time is avokled. N(^ dutt we couM cqii^ wdl have chosen 
to look for maximizing matchings umter die "^ dKNoe and b^tcr m^ti^(s umter die "1" chakt. 
Lemma S.9 is used to bound die acandt 
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Lemma 19 (see Fi^rc S.8): Attume tfie mndard state <a^rS€AN-A88ION rebirns "FAfL". Let c^= 1. 
Let VT^ and VB^g *» value ftwctions coB^stent with VTj.j^. \\, p. and (ii) and (iii) of 
ITieoran 5.4-A/B under whfch p(h) and h afe Ohraiued. If under some matching function m^^ which 
achieves Myg , there is an unmalched "0" in l^l,s-l). dien there are valued ftwctions VT^^ and ^^^i 
consistent with dl of the above and under which ^h) and h are 1- valued such diat 

Proof: Let VT^^ and VB^^j apw witi VT^g and VB^g everywhere except at p(h) and h, where 
^eii^*'^^ = ^^exi^**^ ~ ^- Defi"* ""vr ^ «s^V^ exacdy those matches which afe ais^pied by 
m^T and do not involve p(h). where fflj^T achieves M^r .Then: 

My, ^kan^my^ M^jrangcdWyT, )H%Mvf ^ 
Since VB^g is an cxtenslmi of V\ and VB^h)=0. Lemma 5.8-B applies. Let m'yg be a 
matching Ainction for VB » which agrees with m™ for each range value in B(l,8-1) but matches each 
-1" in B(8,n) to a "0" in B(s,n) v*fle leavtBg h unmatehedr Any "0» infl(!3*l) wWch was unmalched 
under mvn is unmatched under m'vn • 

|range(m' H )| = jmatched "I's on B(L8-1) under «„» I + |ONES„„ (s.n)| 
= jrangeCmy^ J = My,^ 
Let ffiyg be a matching ftiiKtion for VB^^ whk:h as^gns all matches diat m'yg assigns, and, in 
addi&)H, matches h to an unmatched 0-valued termmal in B(l4-1). Then 

My J ^|range(my3 M = |range(m'ya )l+l = Myg +1 awi 
ttl exl eiO toA 

I^mma 5.9 allows us to modify the assignment procedures described so far while pursuing the 
0-vahied choice for p(h) and h. While pursuing this choke, suppose that MAX-MATCH would make an 
assignment giving a new pair of value functions, cither after computing left-regions and right-regions or 
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Kigure 5.8: Configuration in proof of Lemma 5.9. 

If: 

V' exo(P(h)) = 



T: 



1 



P(h) / 



matched to something 
q "1" 



m 



\ 




h\ n 


b: ' * * 

T 

unmatched "0" 




^ unmatched 


hen becomes: 






unmatched 
, VT^^^(p(h)) = 1 V 


P(h) 


unmatched 
q "1""*^ m 

m • 



"0" 



n 



B: 



matches 



VBexl(h) = 1 



■> Si* --esv^.;^. , , -rf:„ 



. ■s2-^o*4^'^^5^*^:::s«*f^"^a»«H^^|^^*!^^■.^*9ffs^ »&^ '^•s iS*af^*^f*^«Sa#^^E^^«fe^^-^**'*'-'?'«*^^»^^ ^•^"-^'^ *-*^"*.^*<^'^^»!^t^is^-»«a»i^S"-viei^'->^^^ 



-IW- 

aftcr processing a return of "FAIL" from a aril of SCAN-ASSIGN. Suppose we can deduce that there is 

a pair of value ftinctions, VTg, uid VBjg, consistent with pairing function p and the new value functions, 

which maximizes Myj+Myg over all such consistent Unctions but for which a matching function 

achieving M^g leaves a "0" in B(l,s-1) unmatched. Then BETlM-MAItlH need not consider any 
10 

pair of functions consi^nt with die iww value functions. Ncff will iMuce better matchings Uian the 
llim^iis found «*ehpuiwil!^*tHel*valued choice fii^^l^^^ this tn^ becau^ Lemma 5.9 can be 

^plicd to VT^ and VB^j to give ftinctions yiekflng m i<»d"a «am of matehings under which h and p(h) 
arrl-vt^wd. 

If the pair of new value functions whit^IiiiiH^fe^Bt^ » «ie of two choices after a call on 
SCAN-ASSIGN which rejuiwi* "FAIL", then this choiee is e^iaaied., an'TBRj^MA'ICH never needs 
to pursue two choices. If the pair of new viilu« fti9«ikini ii 4fftiied bx «signmcnt to teft-regions and 
ri^t-regions, Uien by Theorem 5.2, any pair of value ftmctlor^a^axinu^ing MyTj-t-Myg over value 
ftinctions qonsistent with p and the new vrfw ftMictbra l^ mmlinizes My^+MyB °*®'" ^^"® ftinctions 
consistent witfi p and die old value ftiacUons. Since tfiepe te arch a ftinction under which a "0" in IKLs-l) 
can be left unmatched, no ftinction consistent witfi die old valued ftiiKtion will produce a sum of 
matchings better diat diat produced under die 1-valued choiee for h and p(h). Procedure 
BErrTER-MATCH need not pursue ftinctions coosistenfc w*b the iAA' vsdpe ftinclions eidier. Thercfiwe, 
BETTER-MATCH returns "(null.null)", indicating tfiat d»e (>-va|ued chofce for h and p(h) will not yield 
a larger mm of matcWnp dum the 1-vdued i^olce. Hoc t^e same reason, BBTTER-MATCH returns 
"(nulUull)" if c^l when SCAN-ASSIGN returns 'I'AiL*, 

The main procedure. MAX-MATCH, is prcsmMetin ngtii«19. Our original routing problem 
is solved by calling MAX-MA rCH(Ta.m)»B(l.nXp,V^fa.VB^, wlteWs VT^ and VB^ represent die local 
connections. The modified pnoEeAMt, DETTER-MATCW, used when processing a 0-valucd chofce for 
p(h) and h, is presented m Figure 5^0. Suppose BI?rrER-MArCHClXLm).B(l,n),p,VT^VBQ) reUims 
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l^wFG SJ: 'flie main imeeiw*. 

MAX-MATCH(T(l,m).«(l.n),p.VT(^VBQ) 

/Finds extensions of VT^ and \Bq which maximize Myj.+Myj^ovcr 9II such extcnstions/ 

VT:=VTQandVB:=VBp 

Compute L^LygtypahdHyg 

DO WHILE there arc any ?-vdued terminals in T( J 4.^), IXS^p^). IKH^b). and WR,^) 

FOR cy^f valued teiminaii to TXtl^ ^ 

VT(x):==0aad\?Dto«ji»^«O : 

END 

Compute Ryp and Ryg /assigning "0"s only aflfccts li^'^Gm/ 

FOR each ?- valued terminal X in T(Ry^) DO 

END 

CXmiHttcL^aodi^yg ^as^g^dfTs^ly affects Icft-regioiw' 

FOR ciich ?-valued terminal y in IKLLyJOO 

VB(y):=0^V'rftte5^=*0 
END 
Compute Ryn^ and Ryg 

FOR each ?-valued tcnninal^ in B(R^g^) DO 
Vfl(y):==labdvl(p(yi| = l 

END 

Compute Lyj. and Lyg 
END 
IF there are any ?-valued terminate in 'IXLvT+l.'^vr"^>^'«*^HB+ LRyB^VTHEN DO 

n : = Ryg'I.yg-1 

vri&such^wtVT^X^= vng^-Ht) 

VB' issuch Ihat VB' = Vp(Ly^+x) 

p' matotains palfki[»fr£isporKii«« to ihose u^r p wWen b«h temiinals of the pair arc 

in T(I,m') and B(l,n% Fprother^rwli^s to WJ»^4in4 M^'J, p' 
(S1WrlB/Vi;.V^):= ^N.A^]ft^I.my(i,Bl^ 

IFS^I'Al'US = "FAiLk"TH^DO . 
vr:=VT^aBdVB'::=VB, 

... Calcutotc^q, t^h^ail^^-,^ :.■,,;: •^:A ::;>■>..?.■ ^^; ,^ 

IF p'(h)sftk IHHN Vl^d): = 1 and VB*(p'(k»: =: 1 
FOR alU to m4)rt)^ef *«#^«atiia: 
lFVllx)=?THEN 

^ pKx> # ift^nn^i) n®* 

vr(x): =e aad VB'<p'<x)): =0 
END 



ftj^H 



^-^oc^^-^-^^-^r •^'3' -^— ws^:*9>*w^ ^,,, ^ y'-:^-''sf-a«^'^"m^-J^'^^m^)^^ 



-.^^'-*ffe-«fe**t*'- --««■**- ''^tri^'^':-=i^^-*^'^-^^f^''^Mt'f~'^^^'^^*' 
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F0Rany»B(8,n^)D0 

IF VB'(y)= ? and p'(y) is in T(q + 1, m') THEN 

y B'Cy): s!^* WtfVF^pM: « 1 
END 
IFc,>lTI®IDO 

VB^h): »fl and vr#'#i»: aO 

( VT^ VBj): ff {M AX'MATCHCKW jn'K B(l,n').p'.VT'.VB')) 

mo 

IFc^ = lTHENDO 

VB'(h): = landVr(p'(h)): = l 

(Vi;j.VB^j): = MAX-M ATC WTfl^'J-mi^fl'Xp'.VT'.VB')) 

VB'(h): =Oand vr(p:flW>r»0 

( Vr^vVB^): s^ Bb'n'ER*MATCH(T(l.m'),fi(Un Vl.p',VT',VB')) 

IFVI' =nullORM„T +M4,„ ^M^ +M„h THEN 
■" *'ift ^"jO ^'rl ''•'rl 

(VT^,VBp:=(VT^i.VBrt) 

ELSE<VT^VB^):=(VT^.VB^ 



END 

END 

FOR each x in T(Ly^+ l.Ry^-1) DO 

VT(x):=VT^(x-LyT.) 
END 
FOR each y in B(I.y^+ 1,Rvb^1)D0 

VB(x):=VB/x-Ly5 
END 
END 

RETURN(VT,VB) 
ENDMAX-MA1€H 



imsm^^^mmmmtimm^m^ 
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F^re 5.10: The modified procetere for 0-valaed (^Mfe«& 

BEITER-MATCHfr(l.!»),B(liB)4j>.VTo,VBj^ 

/If can guarantee that a pair of extenaons of VT^j ant Vl^ wWcfc nMateiize My^ +Myg over all ajdi 
pairs of extensions allow an unm<«:li^.#vsdtiod tentttna) in Bfl.d) under a maximum matching, then 
returns (flull,mttl^ CMvefwIse. setma a pair ^^Mttso^g^Qf VI'^ and Vl^ If d < n, it » asnimed that 
IKd+I,n) has no ?-valucd terminals under VI^ and ^t malchiag|1(jM B(d+l,n) and IKM) can be 
maximized independent of each odiery i 

VT:-\n;jaodVBi=^e^ 

Compute Lyp Lyg, Ryp wdli^s 

IF there '» a r^iFegkm in fi(l.d) containing laiai^y oM terminal THEN 

HCTLJIlNrnulljntf) • 

DO WHILE there arc aiy ?-vah»M! tcrpiipals i? TtU yiX IX^vi^). BdJ-yB^ 3"<* B(RvB.n) 

FOR each ?-MJuctf terminal Vm3i(li^)^Dp; 

IF p(x)fe in B(Ryg,d)#fiN RETURN (^PBll) 
ELSE VT(x): =0 and VB(p(x)y:=« 

END \ , , _. ^ ■:,,' _.^ 

Compute Ryp and Ryg 

IF there is a right-region in IKLd) cotftaining exactly one termiaal THEN 

RErURN(nuB,nun> 
FOR each ?-valued terminal x i« ItRvpm) 00 

VlXx): = landVB(p(x)):afl 
END 

Cmnpute Ly-f and Lyg 
FOR each ?-valued terminal y in B(U^^ DO 

yB{y):=OaadVT(p(y)>:=sO 
END 

Compute Ryp and Ryg 
IF there is a right-region in n(I,d) containing exactf y (me terminal THEN 

RErURN(null.nuH) 
FOR each ?-vatucd terminal y in B(Ryg.A) DO 

VD(y): = landVT(p(y)):=l 
END 

Compute Ly-j, and Lyg 
END 

IF there arc any ?-valued tenninals in T(Ly^-»- lJRy.f-1) and D(Lyg-J- l.Ryg-l)THEN DO 
m:= K^.-L.y.|,'l 
n':= Ryg-Lyg-l 

VT is such that VTCx) = VT(I^-»-x) 
VB' Bsuch dwt VB'(x) = VB(LvQ-l-x) 

p' maintains pairs corresponding to dwse under p when both terminals of die pair are 
inT{l.m')andlKI.n'). For other terminals in T{ljn') and B(l.n'),p'?»«->—''*" 
(SI ATUS. Vr^ VB^): = SCAN-ASSK3NaXl*in'XB(i.B')4>',Vf .VB^ 



!-^-#etf*«#«»«#«.»V^i!»*»**«-.«*»r^.«!«*. .J^&*»«|f>*f».«^»^t*S«gp»ail^i!l»*«!**^8S(^^^ s*«l^'B«9|SE-«»' 



vr:=VT,«MVB':«VB, 

IF c, > 1 THEN RETURN (wiIUuU) 

PORiilUiitT^,<j)DO 

!FVl1xj=tTHEN 

IFp'(x)islnD(l.s-l)THEN 

Vllx):-OandVB'(p'(x)):=0 
fiLSBlrrti): = t and^ti'Cpix)): = 1 
/Only k and p'(k) ure assifQed by the HI.SR statemciit/ 
■ END 
FOR ally in W%o') DO 

iiP ##ff ^a p-Cyj Is In T(q + 1^ ITtfiN 

y^'(y):^J»ndVr'{p'(y)): = l 

ma ■ ' v^-n' 

(Vi;,VB^): = (jamER:!^ rCfrtXl.m'),B(l,n').n'j)'.vr.Vl)')) 

#VT^ *nuirtiiliia'yRl»r(iw^^ 

■END,, . 
END 
FCMl ench X to 1X1^+ l,RvTl>fla 

VT(x):=vr;j(x-Lyr> 
END 
FOR each y In B(Uf^+ LRvbD DO 

END 
END 

RErURN(VT.VB) 
ENDBEITER-MATCH 
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VTf and VB^ which are not "null". Functions VT^aod V^nuy MtoifitiR^ My^+My^ over all value 
functions consistent with p. VT^ and VB^. However, tf llyj^ 4^Myg it^^Her that the maximum sum of 
matches for die 1-vaIued choice, then My^ +Mvb ^^ BUittBiii^ Myr'^MyB- I^in"^^ ^l^ ^^<^ ^ 
property of My^ + Myg which allows m to male this OHKlu^cm. 

Lemnia S.10: Let VB^ and d be such that if d<a, no terminal in B(d+l,n) s ?- valued, 
P^EROSyH(d+l,n)l = L'/4(n-d)J+l, and for any 0-valued tcipinal j in B(d-l-l,n), each 1-v^ued 
terminal in 8(4+1^) can be matched to a O-yaliKd teniQiiai mB(d+ l,n) while teaving j unmatched. If 
BETTER-MA rCH(T(l.m).li(l,n),d,p,VTQ.VB^ returns "(m^l,w4}ir, then there is a pair of value 
ftiirctions consstcnt with p, VT^ and VB^ inax^iz|ig Myrj.+M[^ over all aich conastent functions and 
for which there is a mab:hing functicm achkving the maximum matcbi^ eM B which does not match all 
"0"s in B(l,d). If BFirTER-MATCHCr(l.m).B(l,ir|,4;p,VT5iVB^ietohi •(VTpVB^" with VTj and VBj 
not "null", ttien tiiere are no ?-valued terminals under VT^ and VBj, and if tefe are VT and VB 
consistent with p. VT^^ and VB^ fw whidi Myj+My|j>J*4yj -►My^, ftten ttiere are Vr and VB^ 
con»stent witti p, VT^, and V\ for which My^ + My^ ^ My^-J- Myg and under which amoamatchifli 
function achieving Myg teavcs a "0" in B(l,d) unmatched. 

Proof: By tnductimi on the number of recursive cdis to BETT^-MATCH before the call being 
considered tetuins. 

Basis: no recur»ve calls. By TN(M«m 52, any »tem^(ms of VT^ and VB^ defined in the 
WHILE loq), which assists within fidl re^ns, can be atended to functiota maximizmg My^+Myg 
over an functions ccmsistent with p, VT^ and V^ We know &ai if d < n. d-M mm be ttie end of a ftdl 
right-regi(M). Otherwise, we wmild have: 



IZEROSyn {d+ l.Kd-f- m < r^dtd-H l)-d)1* which impiies 
PNESy„ (d+ l,Kd+ 1))| > L%(f(d-HH)J. 



' -ig^i^^-^^si^^cb ■•^aa^^ffliii^rv >m 0i mi«m& ^ g ^^J^^Ke'^''':!$itff ^mm9i II B « JiM i C»i»g | ^ ^^^^giiSgj gStw y ftg^ gg^ga^^ ^B^gwa«piii^ g ||ji gi '- t j8 Btefe ^ggiifeiaB^-g^^ 



fn this ease, not att "l"t in B^+l.i^+D^eoi*! be matetieilo 'WWm 8^+ l.n), contradicting part of 
Aeliypotfcesifc fc feHows that i ^ Ryg^. I^et-VB aa* W fee tquil to VB^ and VT^ or extensions of VB^ 
^ VT|j definodin^ WHiLE toop. If ui^rVB Aemls ^^t^r^ion c^ittiiiflng exactly one teitninri, 
sayj, ^r; 

|ZEROSyg0.d)l = {ZEROSyg(j+l.d)|+l ^ r'/4(d-jn+l = L«/4(dTi+I)i+l 
Fw any anC^sion (ri'VBi tere will he * matct^i^ ftM^M m«imMng tlie matching on B whidi matches 
all "1"8 » B(d+l.i^ to 'Wiin BW+l.n)aiid wWdi lww« a •^' in «a,d> unmatched, l^erefore, 
"(null.Buttr n nttimed corroctty whi^ diere te a n^^lHi^|M^f!eMftMng^€tac% one^ termlnd. 

If under some VT (tefined as above dieie fe i ^VsMed temttiial la T(?l.Ly;j.) with its pair in 
B(Ryg.d), *en by TheerOT»5.2, dtere »e i^tM^oia^ VT^ «id^«^, of fBahd VT whfch ^ign dtis 
termpatdte vdue ''0"««dm8Kimiud}CBiMn^miitcl^SBoa T#idBovera extensions of VTmtdVB. 
Then: 

IZEROSyg (Rvg.d)j^r%W-RvB+ 1^1+1- 

cx 
Them is a matching ftmctioo aGWe»4og Myg which matt*e» dl '♦l^'s in B(d+ l.n) to "0"8 in B(d+ 1,b) 

and leaves a "0" in B(Ryg,d) unmatched. Therefore, "(nulI.nuU)" ii fetonMnd cotvei^. 

Let VT^ md VB^ be flw final ex^^wfof VT^antl VB^^iipoff mitk^ die WfffLE loop. If no 

{ermimls in T(Ly^ H-LRy^^ -1) and 1(1^3 +l,RyB *1) awt f-v^tod. ttien VT^ and VB^ maximize 

Myy^^Myg over «A ftinctionBcmsistent with p, VTg ami VB^.1ifere^m»ffanctie» consistent with p. 

YTq and V^ for whidi My.p+My^ > M^ +Myg j aiid (W^VB^) is corwctf y wtomed. If dtere are 

?-vahied lemjitels, let T(l.m') amd ^Ln*) be ihter^ali W^y^ +!»«vt 'l^ attd BfLyg +1,Rvb -1) 

when feoumb<ned. IM VT' and VB^ be the ffistfe^is ^ W ahd VB„ to dicse intervals. Let VT, 

WW WW J 

and VB^ bea pair of vahial Atnctions which maxhnixes^he sum of mafcfc*^s <m T(l.m') and B(l,n') over 
all ftmctions consistent witit p', VT^ and VB^. T*c»P«n 5.1 guarantees tfiat the ftnctten pair which 
agrees with VT^ and VB^ on T(Ly.p + LRvj "D a«d Bp^^ + l.*vB '^^ ^"^ **'*^ '^'^ ^^'w *"** ^'^w 



■tnipipppnip^piPPV 
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elsewhcie nwinHz^ tte »mi^mtdxa^^mJ ioAMmatsM fti»ptiaWi comistent >widi p, VT^ and 
VB^ Wbca SCAN ASSIGN «ton» «SUCCSSS^%«^ Vl^ »! ^^ ittaiim^ of 

BETTliR-MATCH correctly returns functions whidi nuaimize My^+My^ over all ainctions«otttstcat 
withp.Vl^apdV^ ^ ^ ^^:..m.x. - ::h:u 'j-^ ■ ■ 

If SCAN-ASSKjN mam mH^^M^^md i^M» Aea fty ijmamSJ mA 
ThasamSA'A, ^me is a toning smA ajato {rf Aw^ois^ VT^ini >^^iiliiidi amAwses ibcsmni 

r 

Any matching nm^aaH- ¥6^ leaveM'^ m 9(s^!^l«ma|cli«L llic^^^^ Kl^Ji^ J1(JU) 

whidbagK^ with VT^and VB^oa T(1*vt +1^ -W«»^it^lj -tl**^ 'l>«tf^^«8»«cwltll W 
VB^ elsewhere maxinuze My^+Myg over all functions amsistrat with p. VT^ and WB^ Given ^eie 
functions, dieie is a maximum niching on S wfaidh: fiMldlMS eacb.U" in flCRy^ .n) to a "0" in 
B(RyB .11) (pnvoking llieei^ 5,1) mAtovm a "(T in BCs-t-Ly^ JLyg > QMh^ namaielied. In ttit 
case. "(nullnuU)" «g.ffttwaed<IPH«i^ 

ladac^QK Let y:f^miM^MgmmWM»t tmmamUiim-^t^^l-4Bf^ «ien c^ = 1 
i^on^retHm of ^f^^^mmmtJK^mh^"^M^W0iamm f^mmdi^wbenyT^'m 

to BEri^-MAT(?H a« Vl^ affd VB^ % bmM&7>«d«31ief»iMi^b4TA aads S4A mm ftw^m 
pqjF HMaimfawg Myy»M^ f»*r i^faaeaaM^CT <iifenf» W, «ad 3^ naluiManii^iiH^M^ 

m^ idl f\MK^s consstnt mth piV W^ wd Vl^. J^ ai^, fend^fair^w^ 
VO^ th^ mUM^'^+lU+l 'TtlQ 8(M^i«iiei>e »/Bdiriitttftiil^^^4^ 
SCAN-ASSIGN i«6iras "FAU.". One such T onmM sanul^lwdtMiderfiiyiKiiEaUiiif 



„i*».^-S-v,^ '"l^JH^ I^f^ ^ ^ -^ 



* -^r«itre^-!»^gi»|^;^'^j»)g9* ^M^^ f^i^f^^lf^ g ^m ^^ gmt^^^'*'^^^^^'^^ * -^■«^''^^^SS^->.-^*.^=&^«=«s(^^s5®ii^?l?p^a^^^^^ 
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If &« racunive firill© BKTl^-MATGH wtt^ Td^n'). m^% n', p', VT^^ and VB^^ retains 
"(nuH,Bu«)", then by inductive a88umpt||»e;itfiei?Js ipirii#valiiKf K^ctk^ maximizes the sum 

of malditegs©iiTtl,m')^d EICl«aldver «fbiMi^$i^^^Riitt(3tt wit» p', VTj^j and VB,,! and for which a 
maMmutn maieiiiator BBvn> feivm a "T h B(f^Vtt«Wtelted. ^Aer ttils pair of functions also 
iB»iiimi«#-MyY+Kiyg dv«r^ ftWtetfW-^tfs tmi^amt^j^, Vf^aak VB^ or a function pair for 
wkid! p'(fi) and fc aw 0-viduca mm{itl{^ Myj.+lsfyg d**' ^few ftinciiohs. Iijeliher case. ther« is a 
value ftinction pair which maximizes M^p+Myg over all ftinctiofts consistent with p', Yl" and VB' and 
forwM^a W to B^.n') o^uiinsdiEftedttn^somifliii^r^ As fbr die case when 

<^> Mn die ppoof of the 1)«^ ahove, "(iiuH.*irt5i* iiel*RkUy returned by the original call to 

ftenmR-MATeH. ^ 

suppose (he Feponivt c#H to B^TTm-MATtSi l^wiis VT^ aifd VB^ which are not "nuU". 
These ftwctions arecwttiiient W# VT; and VB^ iiaecVI^j^ and VB^j »e consistent widi Vt^ and 
VB^. Given any pair of value functions on T(l,ra') and B(l.n'), let die expansions of these ftinctions 
denote diose AiiKtions on Ttl^t) iwd B(ljBp«^f* ^pwf «itii flic given functions on 
T(I^ + l.Ryr -1) and B(tyg + l.Ryj -i) aadiigiiff <i«h VT^ and VB^ elsewhere. The original caH 
to BETTER-MATCH returns VT^ «« ^^wM(*ai*lfif ejjawsi^fts of VT^ and VB^ Since no temiinal 
is ?-valued under VT^ and VB^. none is ?-valued under yT,and VBj. Suppose diere is a pair of functions, 
VT and VB. consisusnt witti p. VT^ and VB^ fbr which Myj+My^ > My^ +M^ . By Theorem 5.2, 
diere arc functions VT^ and VB^ conastettt widi p. VT^ and VB^ fbr which My^. +My„ ^ 
Myp+Myg. Smce prin VTj, VB^ and Wp\^f are botfi cdni^lent wWi VT^ and VB^. we can uife 

The0wm5.1 to deduce diat die restrfetions of AisB ftjiKitkjns to Ta^yr +^'^vr "1) ^ 

w w 

B(LyQ +l,Ry- 4>imi^besu^dnt 

w w 

My^j + Mygi > Myj + Myg , 

where VT{ and VBj are die restrictions of VT^ and VBj. By Ijemtm 5.7 and Theorems 5.4-A and 5.4-B, 



mmm^^^s^^^ 
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there are fiincUons. VTj and VB^,coiisBt<J»t with pV YTj ai4 VJ&j j«»d«(igiaiig»o "^^^ diat: 

Case 1 : SupjKMe VTj and VB^ are caas^m ?¥•* VT^ ^mi* VB^. For VBy Aere is an 
unmatched "0" under any rrwicWngiu^rtioa on Bdn*). Mt VT^ mA VBj tx?lh6 ejipwBiaM of VT^ ami 
VBj. Then M^ +Mjg» ^ Myr +MvB,' «M«( JtH»f i»|t;i«atish^ ian^ttei a(^tey««fMy,i h^mi* 
leaves a "0" in 8(1^ + l.Ryg -1) Q B(14) ams»iie<LMmi^my%r^ desirei VI^ 



andVB. 



Case 2: Suppose VT^and VB^ ari? ep««stcni wiA yft^j ^ YBj^j. By iflsdwaive as$i»qtfiGi^ 



there are ftinctioM VT^ and VB^ (xmsiSteM wi^ pV VB^j^a^ VB|I^^% ^ 

My^'+MyQ< and under which sane matching ftiiK:ti<Mi achieving Myg' leave* a "0" i« B(l^') 

unm^hed. Since VB^j and VB^j are extentioMof VT^i«r^^ V?^ aprt^^^^^^^ 

and VB-^. Let VT^ and VB^ be the ejyjanaioisof VT^ wj4.^B|< TTi^ VF^iad^^V^^ 

Wehave: 

Under VB^. there e a matching ^uiictioB acbieviog M^ which kavqs a "O'lin B(Lyg +^R>b '^^ * 
subset of JB(l,d). uiimaiched. Tim, VT^ and Vfi^ are the <l«^re Iqnctioftt. O 

Lemma 5.10 OHnptetcs the technical development needed to verify the correctness of the 
algorithm. Theorem Si stales tiie correctness of die main procedure, MAX-MATCH. 

Theorem 53: Let VT^ and VB^ be vi4>^ fijnct|;ms(;pi^fteBVw^ 

only ?-vrfucd terminals are monbers of ^<#oHiE»n p^ T^M^KHJi^I^^ 

VTjj,VBjj) returns ftinaions VTj. and VBj. cwwistcnt with p. VTg and.^|^>9r|uclt psi^lni?^ M^+My^ 

over ail such omststcnt iUactions. 



Proof: The correctness follows from the development pr»ented in diis chapter. The formal argument i> 



fc-, ^■►.'-j^T^.,je- te«it<«-«jSjgB^HS^^*^f'^^9*^jy'gS^W8S?^^a»a»i*¥ .8^»^^^'^agyw'!'<i'^!'' WS m ^ i8'< » »»'<fe' 3«a»M'»F»~^.<<^'>-^»»'»'''^=v>«a«ga^'g«g»a«s-'' !»i»»--«>i-!^» 



by indtwtion on t^ mmiimf^ mumm ml^\ fc is iMtar.tfi tet Aia»d to provii^ Lemma 5.10 except that 
verifying Ac correct return of "(nuH,nuH)" k not necessary. We only present Ae argument used wh«t 
c,= l after a call to SCAN-A^IGH. H is uoiiftr dMs oMftition that BETIBR-MATCH is called by 
MAX-MATCH ralJ.emra»$.W is ii^tded in lN»|NN»f. 

Assume thf s^iadai^itaie aft«r tlk»arilk> SCANiASSION in MAX-MATGH returns "FAIL". 
Let VT^ and VB,^ be the extentiofts of the ftinctifHit itttfmMl toy SCAN-ASSIGN under which Oi 
terminals in TCl^) ^ B(«.n') ei^eiK h and f!ik) are O-iraliied or l-vahied. Let VFj^^ and VB^q extend 
VT^^d VB^ sothat p'|W awth afftO-vahied. and VT^j an4 Vfl^^j ei^nd them so ^t p'mmdhan 
1-vaJu^ By JDdMCtive asiHBiptisi, (^ ftinet»«syr^ a«d Mp^ ifeturitfld 6r MAX-MATCH(T|1,«'), 
B(l,n'),p',VT^j,VB,j) maxinyie M^it-Myj p««raiMm^^lii«airislimtwiai |»'. VT^i and VB^^ 

Suppose BETrER-MATCH(T(l,m').B(l.tt');s-l4j'.VTj^Q.VB,o) returns "(null.null)". Then 
diere @ a pair of fljnetions VT^ and VB^ consistent with VT^^ and \B^q maximizing My^+M^g over 
all fiincaoas consistent with p', VT^jnd V^#r fMishAife^ a mafe^insfiHKtieii achieving Myg 

exO 

wWch does, not ina6*a» "0"*|n Ml^l)^ 9» ImmmW^MmmMt^tkKMmkmVT^i «^^Bi,i 

consistent withpVVT,! and V^j SMch ^lat^^MvT +Mvi> ^^^ '^^^'^ 

ml nl flxO eiO 

and VTjj and VB^j BiaxMzeMyj.+^^oi!^ all ^n^OM'caudstem with p'-VT^^ wd V»j^. The 
expansions of VT^ and VB^ maimmUyj^U^ ©vot ill fyme&fHH am^tent with ^ VTq and Vl^. 

Suppose BElTF^-MATCHCr(l.J^|')yB(J^').^lJ^^Wio,Vft^^«^ VT^ and VB^ which are 
not "null". Suppose VT^ and V^^ not auH^nize MyffrM^ ii¥er ^ Amctionscunktont with p'. 
VT^g and VB,g. Let VT^andVB^ be value fttnctieniiOMislest wtth p'. VT^ and VB^j, which do 
maximize M™+My„ over all such functions. Then, My^ +M„b > M^r +M„b . By 
Lemma 5.10, there are functions VT^ and VB^ consistent with p'«VTj^ md va^ for which Uyj. + My^ 
^ Myfj +Myg and for which a matching function acWeviiHI Myg Jeaws a "0" in 8(1^1) 



/ 
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umiatctKd. By Lnnma S.9, *ere are vA« ^me&sm VTj and VB^ eonmtm i^ p'. VT^^j and VB^^ 
sudi'ttot:. 

(1 fl II oO cxO 

M./.^ ' ""VR ^ "^VT "^"vn 2 Mi*p '^Mit-' '/"»!•>(.' 4"n»Mn ^ 
Vl^j VB,j VI^ VB^-^ VT^ VB^ VT^ VB^ 

Functions VT^j and yBj^mmimim U^M^imti^^mik^eoi^ii^^tM fr^VT^ amd \\ and 
ee <»rFQctiy«xpandedaaAt«M»ed^ MAiX*MATCH. 

tf VT^ and VBjQ do fla«Mnne Myy+ Myg over jA flmctiom ctmsi^efit with p', VT^^^ and VB^j, 



^^ and My^ +*'*vB nwxteri^w M\^+Mv„ over afl fitnctiom 



dwn the fflffliwutta of N4y^ -fMy^ «ii«i my^ "^'^VB »«»«*««»««» i»iy|.Ti»iyg 



cowistent wifli p', VT^ and VB^ 3he pair of fiihetiem adticvlog the mskimum (wiA ties brofcm in 
favorof VT^jamlVBf^)ai«ceffeci^ex|Mndedait4iettii»edl^ O 

5^ Ruuniog Tme of tte AigtvMn 



We wffl find aa si^^iammd on the ninab^ tbne ^ite ^^»d6m iwithout midcing assumptioni 
abG«t.tf«e details of the>di^ 'sammmmeA to fanptem^t the ^ridns. We iviH asMme that each of die 
following takes cHieistcp: addUcm ta» counter. tesHi^ the vahieof ii ««^ vaiiafbieii and as^ment to a 
scalar variable. Ass^nment to a ftp»6on wid^li a8^0iid to be a asj pwnpti t to one todar vart^le for 
cadid(»a8ihyahKc^tl»ft»^idB*^^^idtoi»«ftmction«^b^ The nuasber of 

steps jmmbj/m aigd^taB wai^BwaBUMd ii ^ ftNietiDti'of j^ liMtWi^'df fernifti$l»(A-(-n) and die 
nonbo (tf ?-«ahi^ ttanMuHdfiim uMw ^ iHdal Vafai^^^ttaiStfaite.' ^^heiMiMait tf»^ii^oridtm asAoaei 
thai ^ t'\^ued lOBifaHdi s««iia^«i #ta|»-bOitMitfilMk Ut u denc!^^ ihnnb^ (^^-raloed pkto. 

^raqeduRSC^N'ASSION tfm Not Mtaiiy odiar^^it^^ 



1. Tlt^ follows die imttege^inodel for random accOKNtafihines ^Aho, ffeiperciftj lUid UffciMn {Al^4 
The logaridimic coft modd, wMd) takes into account die numba- of bits required to represent a number. 
wo«ldilwl#lyntyinma^tifi^iylfi«^4-n)L v : 



i^-* ->«,™. n;r»i*^ •>*? — •*"^ ^r»^iS5»'»i«^»*F«^-?--56i.^%--M«v^-s*^ ^-!^=^-,^^ ^~. .- •■^**«t:f -" •'••^ ^^a- *r . 
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The procedui? c(»uifers 99^ (pi^inal in T at post once, Fof each ?-yalued tf^raimiA it oMsiders. it must 
test the sk^ o|; wt$ of O-valued mminail^»x4l-yt^>i^Um^p^ ^ nal^e p^sfgnment whe& possible. 
If fte sefsare locompiited^eji^ t-valiied teontoal ©WKS^fP^theoyapNf of si^used to process one 
?-yalued tcrrmnrf is at.nmsl Wm-#fl)Jir »Mnc ceosto^ I. !^ ^wpiog t(J?t of the first FOR loq) must 
also be computed, but only when an asipment has been made. This u^st also requires computing the 
size of a set of teimi^ls. Let S^^q^^^ dr^p^ jlie mawraiu^ number of steps taken by 
SCAN-A^IGN Qi a»yiii |op ternuii^ and tt!!ial»w»1^p#8 with w ?ry^«fd termiaal pairs when a^ 
?-v^ucd termJBfto paifs are ^gasd l»y;SCHI|-A$$I(^ 

SC(m,n.u»aj)^kj({^+lXm+n), for some ojnstantkj. 
If a,<u. SCAJ^-A^WN imi|«8,TAK^.?¥^^%^ terminal pairs 

considered* Let^m.ni,«) de»»ote thi? m^?jI»«W ;5*l^-/<>f#^.tt^ ^^-ASSl^N oawy m 
top tenninak and n b0tom tr^9i^ wi|h u ?-v«4iia(d|p^ 
SC(m,n,M)^ma*i9|um over all a,^^S<;](roAu^^^^ 

Procedure BETTSl-MATCH may use pfti:edi«:«Si|^ 
First BE11ER-MATPH (^^tes the &iU |e^-j|q|^ a^ i^-r(^oi» ^i j^^ to ?-valuqd 
ttuminals within thCTa. This is dose in the WHILE to«p. 4ftfc«ii8K^n$ swthin ami of ^l.Ly,.), <RypmX 
(IJ^, and (Ryg^X some rqpoiw must be r^ompu^d, Th^ talcsC^mtR) aibm- Once regions ape 
computed, t^iHil S^ 4he cwditioos un^^r wbteh "(mtU^^uHjl" is rsiurn^d takes only a constant number 
of stqjs. Suppo!^ a^ initial)y ?-valoed tennin^ wp^sf^S^^l values to tt^e WHILE loop. Then its 
execution, including the initial ccmputation before f^nteii^it. tiAmfit bios| kjl^^H'^Kni-^o) sb^i^MT 
somecoR^ntl^ 

After tbs WHILE loop is ecmipleied. if any>va|u«d pairs |^it^.SCAN*ASSJGN is called. 
PreparaUon for calling SCAN- ASSIGN takes 0(m'+n') steps to assign to VT. YB', and p'. If 
SCAN-ASSIGN returns "SUCCESS"* then merging the Mtions that SP4N-A3§IGN returns with the 



'0 •'-..^^Wf^^«Wl»^'#**%^-#*5**^s«^^^IW^^^^-^-'***'^^ 
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ftinctJons on the ftrH regions to create the fumafcns Rminied byBfiTTtER-MA'rcH takes (D(m'+n') 
steps. If ^AN-ASSION itttmis T'AfL"^ tyces 0(fit'+M')i*e|Mlt>^a to VT and VB' and talculile 
q, s. h, and c^ If c,= l. BtfiTtik-MATCW Is Catted ioa«*Stveiy, ^turning ftihcdom of *nBfll'S. ff the 
recursive catt Tctorra ftinctions, dien *e pfoc«iing ret^tiifed to tetaifti flwir tiparisions takes 0(m'+n') 
siepi '■■"' ■ 

Let B(m,n,u)1)c m itiaxiiirnHn nairibcr^istcpfN*cn%aay c^ w*BH1*rER-MATCH wirti m 
top tcmitnats, n bottom ttitriinafe. and u bii^afly f virtftetf jMflfl SwSi a taft^i BRTl1W-MMt!Jrirt**Br 
which a^ initially ?-valucd pairs arc^ffingncd hi die t^flftsE 16of) 1^ fr^ ^ p^ 
SCAN- ASSIGN takes at mott 

k2^\+lXffl+hy + Se^^ll^u-a^) 4 B(ii^;^^6-a^-^f) + k^*^^w^ 
fiwr sMne constant k^ w*cit H(ra.n,-1)^0 by deflnMon for ahy tt artd i». Ui^jjlhc hcmnd fi)r SC gives: 

£ kjCa^+lXm+n) + tj<^+l)(m%tt') -f kjC^'^-h*^ ^a(ai^n'.u^^ni^l>^ 
W€knowI<m'^mandl:Sn'^h. F^k^^^k^^-t^^^I^.^iinttiikNtrs^^l^^ 

k^a^4-aj+l)(m4-nK4 »(tn^ii*,u-a^^ (»iprcssioal 

Then BOn,n,u) ^ (maxfanum over attw'^iri, n*:^ and ^^1^ -f«aj^ii<^^ 

Order all eipfcs (m,ituj, foit jfi^I, n^^lv^^ti^. lexM^f^t^pl^^ Wt prove by inducttoa 
on dils ordcilAg that^ sSl mch triples. B(m.n.u) ^ k3(u+ iXnr+n); for some oonstant k^. The basis, 
(1,1,0). is tfivferf. Forattyu^,(m.h,^.B(nt,a;0):^ k4(ni4-hXi»k32tk4SQiftces. Dett^pnqM^onbe 
true jf^ any triple fcxicagn^icany smaller diitt tm.M) wheKe d >0. ¥1^6 ktKnr ^diat l::^m^:^m aid 
r^n'fgtt whenever BKlTiai^M ATCH is rcetrr^w^ caftjd. ^Wiisn a^4-aj.<u, ^^u-a^-^-I:^u-I; affd 
we can use the inductive asHimption. When a^+aj=u, u-a^-^-1 = -1 but kj(u-a^-ajXm'+n^ = is 
^itt an upper bbarKfoni^ ^a^baticm ofih^ reoarsive off Id MfTSK-MAItM. rince no recursive 
ddl is made. Therefoie: • 

expresslonl^ k^(a^+aj+lXin+n) + kjtu-a^-ajXm'-m') 



4'^ ''^*-^SS.--'^ t^'- ^ '^ V. ¥*- wu-;? >■ <^'-w»¥''5w**«4*SS^^«-.<V--*r^-5^ ^-*s^>^^Jip*■^*Sg»ipl^i^ ■*#!ft-J»^-'=^«-V-'^-^-^ 



expression 1 js; kj(a^+aj+lXm+ a) + kj(u-a^-ap(m+n) 

We now turn 10 MAX-MATCH. The boumi on ^ number ofsteps«Me<tmiie WHILE loop is 
ofthc same order as that for BETIER-MATCH, by die same aiiument. Procedure MAX-MATCH does 
not do the testing to return "(nuH.nuH)" yi^iich BETTH^-MATCH does, but this only adds a constant per 
w^Vmma to tfie numlm' of si^ ua«El^ ^^P^'^iiMlSii «ttd only afltes the constant for 
MAX-MATCH'f bound. 1%« jNtt'imxsessNl <^ IKSlltNISKON «^^^^^ when 

SCAH-ASS16M returns "StMQEi^^" have the umt bouttd «» tfw ndfflb^ of sl^ used as that for 
BEITER-MiWCH. However, if S€A!i*AS$«IN fWtims ?PAfL-. a recursive call to MAX-MATCH 
Md pa«M}ly a oOl tt) fiEmBR-ky^lCH ne laed. TleiN^proaBsli^ ai^ pcM-pfocasing fix these ci^ 
taktOim'+n') Mqx. Let KHBi,n.u) be ^imtkmmmmMmMv^&^iiymyetM%b MAX-MATCH 
with m top terminals^ s botum temdiM^ i^u teWaigr ?-vdu«d p^fs. Hwfr fiMr ooinlaifts k^ aad II^ 
M^a.u) ^ nMButawm ower^m'jpi/tf^flgn. awl 0|$ay^*«,:i:gu of 

kj(«^-»- IKm -hn> -t^S^ji^^^^^ + i(«',«'.w«^-a-l) 

-I- M(m',ii',«i*»^'^'<l> + k|(Bt^4-tt') exprettiM 2 

We BOW (m)ve by inducticm on ttie cmleiiiig«f irH^Aitf 
M(m,n.u) ^ k|(u + l)^m -i- n) fiH* some ct^ttiM k,. 
The bi^ and cases where u = are strai^tforward if k,^k^+ k^. Suppose the proposition is true for dl 
triples lexicographically less dian (m.n,u) where u > 0. Thai 

expresMon2 2$ kj(a^+lKm+n) + kj(a,+lXm'-t-n') + kjCu-a^-a^Xra'+n') 
+ kgCu-a^-apV+n*) -I- k^m'-l-n') 
^k5(u-HXm+n)-t-kg(u-a^-a^m-l-n) fork,=kj-l-kj-l-k3-l-ky 



.jif»-«»^%& i-t^v^f ^,- V .sap Tf^^ -- - -'~.-^%S> ^B^~7!Ts<»if-jS!a^s*t#SJi^ste(jr- -<Jwi^-#^j->**fo «'^5!*.-^)^^J»^jf@|^#%«-*i|NS'#*l'S#s*'!«iS««*^^ 



-134- 
Letting kg > ky we have 

expression 2 ^ ^(h^ 4^u 4- lK«ft+ a) ^k^M-Hi^m + n) 
and M(m.n,u)^kg(u-l-l)^m+n) = 0(uV+n))»:<3li^-l-«^ 

We have shown that our algorithm runs in a n«Rrib«rof dlE^^ ww»st propo-^al to the oAte 
of^ nundierol'lcnnmate' 

S.7 Suminary 

In thisch^er, we ha^t^ pro^oM m lil^iittmi vftii^ «oat» 
terminids looked on the oatMis of^jtelag^latwmpmBB^ l^TOuting iosuniesboriasAia} 8A4 vcrdod 
wires are on separate taycisand uses miniawiB area. 11iepiiolitoii# foialaiss toaa OBi^MW^ {MvMem 
cm vectors. Pitx»dure MAX-MATCH scrfv^ ttie pmltik^ m 'vtt^sti using fnocedum 
TOnER'MATGH and SCAN-ASSIGN. Proce&ircs SCAN-A^C»I and BK1HI-MA«:H have 
0({m+n)^) niRBii^ time a^MAX'MATCH^ IMS 0((m+^B^)wiidi^ tin^ B«ee(toe MAX-MA1X3i 
is actually used twice » rauttBg^imwalton it9cemv^ks-ramitS»4Bpf4»t»moeam^^ 
left-right connection. Beg»e usteg MAX-MAIC^, Jtieid conae^oM alK «^i^ direcdcms in a 
predetermined maaner. Aau^i^ ^ toeai ceimeetiiKMi vm 0(1$ ^poltq>utation steps, where t is die 
QUOfrijer^ terminals on die rectat^ ^Back eaU to MAXrJM^^Cfl votes 0(t^) steps. Tt^refore, given a 
rectangular component with t terminab^timd ite boyodbsy. Aepi^HBipsaiMM«SectioB5.1 can be 
solved in polynomial time 0(t^ 



.■^^i^'i,^^ '^>^„.^ - — V — t*Tr- - ■ f-f ■■ --■ .iTrr"^i*irr i''*^^"'"*1jtte"^'^^^'^'i<tpn^^ '^ xWn i8i <'-'J^' 1 ilr^^ j^fi^r'rir^y-.i'^tT^"''^'- -■'r^'^^'^i^^i^-'-^r'^'^^-'Y*^-^^^^-^-'^^'^^^^ f»?— • ' 



A|ieR#x III C3^i^ Sr Netiiiaii 

The notation used in Qu^r 5 is ligt^ here. wiA defktitkms, in order of appearance. 

T(l.ni) demies top terminate 1 through m. 

B<l,n) denotes bottom temUaafe } thrown. 

VT: T<l.m) -♦ {0,1,?} and VB: B(l.n) -* Rl,?} indl<^ ^ directipas f^tsonn^tjons from top and 
bottom terminals, re^octivety, as iirflows: 

VT/V0a)'= ifthcdifiegtipnQfttjep^^lqrmlR^iift^^ 
1 ifittett^^t 

? if it te undetermined 

p:T(l,m)UB(l,n) -* T(l,m)UB(I,n)U{*} is the pairii^ function indicating what terminals ^outd be 
coiiiMeieit 

For die following definitions, there are anak^gous definitions for B and VB: 

°^VT- T -* T and is the function matchi^ termlaab in 1Xl.m) of vaiiw "0" ta tmpninals w|i^ jhi|^ iiulM 
in T(I,m) and of value "1", given value ftmction VT. If fflyrCi) = j, then VT{i) = 0. VT{j) = 1, and i < j. 

Myj is the maximum over all nuiiching Amotions, myp for a value flinction VT, of trat^eCmyj^. 

,"■■-. ■■---. - - -■•-^. . - . . 

ZEROSy,<S) = {i€S|VT(l) = 0} for a value function VT and S QT. 

ONESy.,<S) - {i€S|VT(i)= 1} for a vahie function VT and S C T. 

UNDETy^S) = {i€S|VT(i)=?} for a vahie ftmction VT and SiCt. 

ONES^x.y) is sim^fl(^ notation for ONBSy^]i.y>X fl«C- 

OK-l(VT,x,y) (simllariy OK-0) JB«nie rami orty If 1^<M^^»,»X jg t «(y*»+ 

FulH(VT,x.y) (similarly Full-O) is tine if and only if PNESy^x,y)|^ r«A(y-x+ 1)1. 



-136- 

/y^:T -♦ T and ryj.:T -^ T are used to ddine teft-r^ions and i^t-r^M aii T und«f a gjven vakw 
ftjiictionVT: 

/vT<l) = l 

Vi^i) = i if Fun-l(VT.Vi<i-l).i-l) 

/y^i-l)otlwrwise, fex\>\ 

ry,<'n)=:m 

r^<j)t.i ifFuB-e(VT.l+I.ry^-H» 
ry,<i+l}mhefwi8e, forj<Bi 

Left-regions are defined as die eqaivalence cfasses iHdticcdtiy Ac equiva^iice rciation on T(i.in) under 
whk^ two tenninals land j are equivalenUf and only if /y^t)ii!i^^ 

Right-regions arc the ^uivalcnce classes induced by die equiv^cnce relation u^i^ t^^ 

Lyj. is defined to equal m if Full-l(VT,/yy(m).m) and to equid iy^m>-l odwrwise. (l.Lyj) are fll« fliU 
left-regions of T undar VT. 

Ry^ is defined to equal 1 if FuH-0(VT,l,ry^l))and to equd fy^iy+l otterwisc. {Ryj,m) arc the ftiB 
r^^rcpoiB ofTwttdcr Vt: 

TTic following dcfinitiims are made after SCAN'ASSIGN returns "(FAIL k. VT^.j. VB^^j)": 

q is tlK smallest i>kajchdiatPNESuT (l,iM = LHIJ. 

s s die anailestj satii^iag the ftdtowii^ tfiree properties: 

(ii) |ZEROSy» (i,n)| ^ LMi(n-j+ 1)J: 

(iii) each terminal In IXLit-l) which has been assigocd tfM value T by SCAN-AS^KIN it 

paired with a ieiminalin BQ^). i . , ' ; 

C B die set of initialty ?-viAMd l(ia»8iH^ p T(^ 



cj = lONES^^ {C% 

Co = [ZEROS^ (Ql. 
k-1 
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c,-|UNDHT^ (C)|. 

h is defined as follows: l.et i be the terminal of smallest index in B(s,n) which is ?-valued under VB^ and 
1- valued imder VBj^ J. Certainly, p(i)<k. If i<p(k), tlien h = i; otherwise, h = p(k). 

VTj.^ and VBj.^ are defined as follows: If h = p(k), then VTj.^ = VT^.j and VB^.^ = VB^_^. Uh^ p(k), 
then V I (.^ and VB^^ agree with VTj,.j and VB^_^ except at h, k, p(h), and p(k), where: 

VTf^(k) = I VT^^(p(h)) = ? 

VBf^(p(k)) = 1 VB^^(h) = ?. 
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6.1 Remtniqc AsswMfrtkMt 



In this chapter wc make scwnc i*scrvadoo8 ibout the algorithm we have just pfcscntcd. The 
algorithm is of the chj^ael rcM^ti^ yaeiftaf. TH^s^!«|^io teiMiby eieh emnsBetiwi jM^are choscs by 
the a^rithm. Only one choke is considered fiw local conrict^ioos. For top^bottom and left-ri^it 
connections, the procedure MAX-MATCH makes the decision. iTircc ^sumptions arc crucial to flie 
working of the algoridun: (1) only pairs of tenninals need to be connectedr<2) there are only four routing 
areas - one parallel to each side of the rectangle; (3) die segments from each terminal to die routing area 
(perpendicular to die routing direction in tfjis area) cannot conflict regardkss of dwir tengUis. 

We do not necessarily need to have tcrmitiais around die outside of one rcctan^e as long as die 
above assumptions are satisfied. In ft^t, terminals may also lie along a rectangular boundary 
circumscribing die rectangular component, i.c. on the c4H>os<^e side of the routing area, as long as diese 
terminals can be projecti^ on die rectangle to obtain «i iost«x:e of die oi^inal problem (sec Figure 6.1.). 
This configuration might be found when cwinccUng terminals of a lUnetional ccwnpoaent or set of 
functional crniponoits to bonding pads. 'ITie bonding ps»ls He along die out^ olges of die chip, amt 
die routing regbns lie betwmi Aese pacte and die rm of die inti^^^ited citctiH. Minimizing the area used 
for the interconnections minknizes die axe of die chip. 

When die diird ^sumption rfKwe is removed, we have idrcady seen in Oi^Hcr 4 diat tlw 
resuUing routing problem ^ NP-comfi^c even for one routing channel wMh terminals akmg its side> 
When eidier of assumptions (1) or (2) fe rcmoved. our divyon into locrt eoancctiwis and opposite ade 
connections no longer Hmib; the choice of directions for aach connection. CkiiMider die predtetn for me 
rectangular component when it may be ncceMfay to intciconnect diree w smvc {ermtw^. When diree 
terminals arc involved, diere are diree idhok&i instead t>f two for die ^pe (^fMttti used to ^lefconncct &» 
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Figurc 6.1: Alternate configuration of terminals for our algorithm. 
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cannot be 
terminal here 
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terminab. This can be seen by divMi^ the boundbffy rfdw rectui^ into three iMOces -- each pkce goes 
between adiacent termini as the bomisry h bavetsed. AnyjpaOx i^idi Mom two a^jactmt pkces (tf 
die boundary can jbe used to OMnect dK teraiia^ When tte terminals Mt* tm^rec dil&rctit sid». two 
oftheposdbkp^QfpeStnc more sMes that ^M^ Howcvo'.wecaAMtdfaiinatcdMseptM^tMes. 
It is not tnic ttasa the; thini choice s eim»y$ as good a& ttie otN^ tw<|. F^it;6.2-A i^ves a 
countercxampic. Comief:Utig di«e terminals mvolves dirce i^es (^ lh4 rectafli^. Therefore, we have 
lost Ac tmlq)endima; of Ae two <fifflcna(M» wMi^ wc had when raiNEffis Wt»u^(*" «Hi fcft-fii^ 
connections. If three tereiinais arc tmly on two sides, even dw padh tyf^vsk^ aS four ^ks cannot be 
cttminaticd. This is dMiw|i in F^rc 6.2-B. It k mopeo pnMran whf^Kf J^ one oNnpoiM^tt tm^ 
problem can be staved in ftrfynomi^ tkac whc« tem <ai Aree or moti mmm^ aeed to be 
interconnect^. " 

Con«(ter retaiitii^ the remiction tfiat otAy pws aif tomiaals are micfpfmnectcd ^ i^owim 
teiminals to Ke on one of two recti^ular cfxa^^oa&m which sat placed si^ by side. Ipum fiM* the 
moment any cmtttcticm v^ich lavolKs terminafe wMck Ue m Ae bou^aies ^ Ae «3«et between ^ 
tworct^ai^cs. 11k reaiMi^ nxit^ ^ttrf^m is simttr to Ihe ORe aiS9e«^i« rai^^ ^^ 
am p^ts can t^e a "dMMt cut" tooi^ the tt«tt betweed te two m^mnikn. Vhsmcvet, flito (H»^ 
aikfe many choices of pi^» be ued to inleR»imMStta«Rl«AL llieic^^bottwn^egucfiolosier 
independent of tfie left and right sides. F^titvSJ ^tfilolliedMBciiM(£j»p^^ 
The cumfriexfty (rf'ilnt lotrtma praU«i itidK) opOL 

U A SpecM Cnk fbr PMc«4mc MAK4kiATCH 

The praccdure MAX-MATCH, wm its sub-proceAtfa. solves #e q^miaidm jHoMeai 
ddtaed in Section S.2. We now prove that wih^ iM mmimk m 1-^^^ wider fte initial i«}oe 
fiinctioiis, Acre is idways m ais«n«ent of "Ts mmI "1*1 such ^ Jie apm^iradiaiiffi mak^Miwi ii 



-„,« «(ie^>«»ir-««°'»»<».-^^~'s» 
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F^{iiiei.2: The OneCowpMMNrt Roiitfav PraMem «Rli Mnre dum two termiaab in nets. 

Terminate with the ssme nun^r ^lould be comecM. 
A: Three termiBais on ttiree ^des -- dww cMcM. 
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path uses 4 iNdes 
routing addcs 2 unit to hei^t 
2 units to widtti 
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path uses 4 sides 
nuuttng adds 1 unitt to height 
3 unit to widtti 



pathuai»3skle» 
Foutif« aclEte 3 uiyts to liei^t 
2 units to widA 



B: Three terminals on two lidcsT-tiitee^iieM. 




(2 + hX2 + w) = 4+2w+2h+hw = 




(3 + hXl + w) = 3+3w+h+hw = area 

J: 
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Figiire 6.3: Exteadisg the rwtfag proMen ^Cte^er 5 totwo CQ|^p«»H^ 
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Hwithio one of ^ ttfipcf »pwi4 oUaij aii .iiiii^»«iiwrift&ffiitiii»«f ^ «RniBal$lo booom tcnninals is 
4isr^l»(M- W« always i8«|inejMt.iM "t^itlkBAmif^M^m^mmbcfi^^ Mpfbttttum pairs umief p. 
When all terminals ate t-^^nltif^ ttw^IlK i^i^tivtf«r#nii^eiiSi tN iiuin^r ^f to{^ t^minnto. m, must 
§(i^^ min^ber of ^ii«»m f^ntiiu^ 

Unm» 6.1 Let VTg and VBg a^ign 'Tl to all terminals in T and B. Ilien 
MAX-MA rCH('l(l,m),B(l,m)#,Vro.VBg) returns Vr^amlVBf such that M^^. -f-My,, ^ m-1. 

Proof: InltijiHy. dierc are no ftjH risiotts 8n4 SGIAPihA^KIf^ » filled. If SCAN-ASSIGN returns 
(SUCGESa,yr^»V»,K then Fyhm\ mm^^mfHaim^ifi m^M^mt^^.i m know C^-0(VJl,.l»m) 
hol^. Therefore, m ^ even. ITjejMaid^ipirtvc M^ *lk^ 

Suppo8e,SCAN-i^«3« r«»r«i<F^iyrr^V^^^^^^^^^^ as defined in 

Chapters. AU terminals in T(k,p> are ?^«i^4tH|dw XF^ ^^^T^ k,c,^ l, and lis odd. We 

know: 

PNESyf (l.k-iy * |ONfiSyg<s.sOf w i^kJ « >4(k-i) 
and L'i(m-8-»-l)J =|ZER0S^|^)kS,»B8<|Sv.,.a*k4H=»i^^^ (a) 

Also. L *A(m^+ 1)J + *Mk'l} T: IZfiROS^ im% + JUmE^^imt S<"»-s+ 1)1 

implying '/«M) 2$ r*M»-s-Hl)l -1 (t^. 

Combining (a) and (b) gives: 

UV4(in'S^,l)J ^ Vi(m-s) = V4(k-1) and lZ^QSya<?.m)f= |Z:EROSyT.(l.k-l)|. 

Either VB^(^ = 1, or s «= uMi). CWierwise. |0NBSy8CttH.»l| * |ONIiSvB(M»H— Mm-h) and 
fi{s+ l,m)e«Uflliis p(k) and the p^s of all 'Ts in 1Xi<l>. ilh^vforf. we would hal^©c^K)sens+l rather 
than s. In cither of the two possible casiES, s 3= h. 

Let Yl\^ and VB^j be the value ftinctiwis^teflncd when the T" value is tried for h. Wc know 
|ZEROS„„ (s-H,m)| = ^pi-^ and,OK-0(VB ..;^,m)^h4ildsferallx in H(s^). Tlicrefi)rc. fl(s-H.m)is 



i^* ■t'.^.^^j*».fty^--Wgy-8!S^E«*»~>'P»*--.iWg||ig*^ag^j 
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a set (^ full fight-re^om with no ^^«AMd^4<»iii^fe. AIT l*(«^ '^''iin »(8+limj ran be m^ehcd. 
Unless s a 1 «■ s 3» 2, tetnviri^ n(l,^c^aMM cMefeft^^^^^dittK f^NK^g^. neiAcr of wMch are 
foil. Since lONES^r (l*k)t*f%n ana CMC4(VT.^,tti)*W&fer a»xte1XUk-l).ltlJt)b 
foil right-regions in whkh WH) "0"s cm be nuttchcd to "l%i»1Xl,*). When 8 = l.Itt «*^«MC 
k = m, we have 

and the desired result follows. Wten s > I, 'ltk+ Ijn) oxrtains one left-rcgion and one right-region, 
neither c^ which are foil. If s = 2. B(l,J)*a fttVleiHt^ttofi m^fl^Ki MaltHsd^iwAw VB^^ j, Terminals 
IMl) and p(fi(i)) = Wn) are aBsigned die v^ie "^ l^ite i^ee^tive ^ to MAX'MA'ft:H, 'PcrmiiBl 
0(1) can match 1)(2), but T(flfi> s w^Mnatdie^. 1M veaMlg^^^^^^i^ 
•^«ii*2)+l+'>*fra-2) = ffl'l as desfeed. IFs>2llcr'lWm^biS*e^^»t*«^«rt»^rf^k+ljili) Pr^ 

^ A N' ASSIGN tt catted %'IXl.m') aiMt IK U) i«i^tf)^iqNN^ 

If the second call to SCAN-ASSION rciums (SUCCESS. VT^j.VB^), then 
iZEROSyn {Uyi = jZEROS^- {l,in^ « f^in^ aidM^ H-mi ^ ^ hm^Jt ^ fHml = m*. 
Combining this With tte m^MngSjUi^l(# r^^»#^^ 

where VT^j and VB^ arc tfieenpanaons of VT^^ at^ VB^^i*iaii#cfe «^ Vl'^^ «d VB^^^ on 'G(l^);ittd 
B(s4-l,m). 

If the seccmd c^ to SCAN^SMM *etu«*r<EAlfc l^il^. VB^), let ^', s^. and h' be Ac tpoM 
tarminaM for m\s&a. Uad^^ InMri vsMe fi^cMiwi ftir-i«»^^(^ mpmaku^ia 

PNfiSyaKs',s-l)| = pNESy.,/(l.k'-l)| * %fk**t| 
Also, |GNRSyg^8^s)| + jZHlOSyg^tfj^ * ^k'^Hl-J'tHN^^^^ 
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Figure 6.4: The One Componeat Routi^ PreUem with no local coBoectioas. 

Terminals labeled with the same number dtoiild be connected. 
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tuam. later. The exctmiqfe cawet die two o^^m^ <tbiiiWcte4fl^ptinitji tB efvetiap but m> odicr segmenu 
to overtap. (See Fi^re&$> (» tftis iNqr,>«e«8rinMkH^^ PMth^ ad^ttuK ttioe is milyettcfi^iaMftal 
scf^eot ^cadN esmiecttatt/ Iliits^piieM^iRMlte'iiln^il^^^ to «4}idi It ne^ to 

be coffiia^ed ^nce goR^ s^piwm oHg^iMy diii. irfid lepieiittlufe not^een i^itened. just nMtfkd. 
Tte vcrtkirt scgnionti wlikiveoaneet tci tefMiMs i^ bii iM(tii# m tie w^ferf lay«r: Also, alter ftie 
niodtfica^n has beet»^ia<leU)«flehiid#;6(Sj^MfiW'ii#^<M^ b<; Kfij^wned 

lliis upper bound on die amount of height added by using sapatatc layers for the two directions 
is actually achievable ftx a very simple routii^ pn^lon shown in Figure 6.6. 

llieaifiMMift^KidioiM^e Lemmt^Ml^torimf f0SM ti^a^e^ftpofient side ftrlbfii as 
^ wires are eitNr jpwpeti4^BSkst iif ^anMeVto^ttrii'slde. ieiini^ df irfiittlHy t^fig^ exferittti^ fttHn 
different terminate perpcndicuiar tt) the side will not intersect, and 8^^i»«t$ wMeh riitt pM'^cff te^ 
can be extended ai die ends of die side without cau^ng omflicts. Any number of terminals can be 
interconnected, not only pain. 

4.M itoatteg a>owri < ima n jli ittlig mwe^ttHiiii^NMi-^ p^p^-^: ^ 

fix- fcit»ieoBn«Mo& Toiy^iiviittaie oft^ eKt»fi^«ii(iAilS'MMiM4rtie tolttHwrio hotimn^ and 
v^e^ win; M^HiMs, SMRC i^lMMel Hftnte^itt IMM m '«ti« MMfp «f aiiafher. 11k cfMn^tkrii of 
iqpiM^0ft#fl&NiMlE9en%adlbiq[ertrM^. ^^MM!i^im&i^fittisJ»m<3MkiKm 
s^neat taicAedAst ^ t^tMM£<^on poitit e«» R*^ ok ai^iiifQrbmtien'9iS\timisf1he^€^ 
wsffnetm w^wTibd^^^i^t^iiiBoctod to ttoHi. The t bu^m <wity loff avsMtaf ^nM^i^ coMeetioM is 

^^ose liMt we do «^ to niairi At'^^iefMffMB 
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F^rc 6.5: ConstructiM tor Uhmm (U. 



A. Splitting postHoia. 



bCCOtlKS 



one channel, two layers 



two channels 



B. Merging segments for one connection, 
fin* layer comwetiea 



■taM«MlB«aaii> 



after splitting: 



rii^tofl - - — 

> ' ■ ' - right of 2 



after merging: 



right of 2 
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- -right of 1 



right of 2 - - 
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— — right of 1 
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Figure 6.6: Instance of On« CmniKHicRt Rotttlng Probkm realizing vpper bound oX I.«nma 6.1 

When one layer for horizontal segments and one layer for vertical s(%me^ 




n channels used 



When no restriction on tlw direction of segments in eiflier layer: 




n/2 diannels used 
n even 



layer 1 



— -*" — laywl 



^ -^a^=, i.-^^c^,^»tsi^ ~-*F,c.£,^,.,BK3:4..-^f jSi^ itj3^,itJfA~*«to»^;> J^ '■li^^- ■"■Mfc%,.#ifei#*f'-*V*:- *"•* - -i*^ - 
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ttuM two hiy«n. W« wW Ist i#«M«iiiili«tf liivmte tir iMltm^ even numbered 

faiycfi Ins Smt mtkai lepiienls. Eidl liqwr is aflKait lo li^ containing wires in Uie other direction. 
Ut "tia^" mam ttmfUfVim km it a.cNmmL WWUv^^m is o^y oae %er for each direction. d>e 
BMmtwTQfchwiMttiyiBd^iPMaijg the s«nc M tbc numbcr of tracks 

need. Vf%ia Hkm m H-ti^l mm t imMm te W ittw^EW^fte number of channels required is as little 
ffi 1/H of ^ MMrtmr of Ira^ MiiiM. kfoft ^m OMt tmmber of channels may he needed to allow 
segii^ntB to coMiCt atixfmm^i^^fitg^, the cmmcctiont at comers place constraifits on the layers used. 
All tayen in a chwuid amy iietJt»t )wi i> l B. R ii inapem^t^ tftwrvc that there is no longer guaranteed to 
be an ofitima] rmiUnf in wMi0i 4# p# uwi Cl^ oif >^ment mnning along each tide of the 
nctaagular ampeefflt. F^raiiai^ a pi^ to \m nms^me segment along a side allows the patfi to 
chaeie layera. Is tbit way, layen itoay be better t^w4 l^ure 6.7 iHusMMei 

Ut ut mi^pm m4»i>n^ to i>eitriet-d|e rmttbv Hr^wjpncft along each side per path. We 
CM dMQM wb^ iqpn«rt8 wlU ibw| ^ *Mni track;: e.g. m^ tlie niatching fianction of Chapter S. 
Oiven «iy mdi choice, we mm mi0i Hm rMMk^ MStt of segments to channels aild lafers in the 
dum«cbi ID Aat tbe cmtfuf^^tum at ^rien we prnpt^ nuOt. A teg^ ^gnment minbni^ng die area of 
the tayout ii deaiied. #e bav«%fil^iip «« fMp^W ^{^ to tracks into two phases: 

d^en^»it« wbat M^mente wBI rt wie the a e me b^k, a bd d e termln iiywh^ track they wilt ^lare. When 
dwre h oofy Me biyer for each #w^m. Ibe mm4 f»art of Ms problem is trivial - any assignment will 
do. 

If we reqube diat all pairs of coniiecU^ segmenbijig j!^ idjacent layers, then we can model die 
constraints bnpdsed by Ibe connectioRs between i^meiibi wri^ a difli^ graph. The graph contains 
one node for each set of s^mentt shftfbig a««ek. I .et a node representii^ a set of sefpients above the 
top of the compment be called a ^mxk. fimilariy. die tereM botim node, kfi node, and right node 
denote nodes rcpresenti^ sets of segmenu afVliieb^iMlcd'^dM. ^I^re is an edge between two nodes 



^-^^- . ; -^ - 
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It is no longer true that one channel per ^cct for each net is always c^timal. 

Given 4 laycnk no afstgnrocnt of layers uses oirfy dne dtamid oh each rtdc. 
One attempt is shown. 

^-Hlayer3 




layer 3^ 



Versus a successful alignment 
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Gn^ih representation of track connections for first track assignment 
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wta» Hie Nil rf Mjiaww iwpHif mwi % tfic no<tt tawtrtt a^WMiMt tirttich mm be connected at a 
cofner. Edfes «e dkoeiiK « ftWcpi: Iliiil««^ Mide «» #llft M^, refireKmiag a connection in the 
toplefteomer; (km »M wade toil IntiNirMlii^ MpieMMnt a ct^nsctkifiift the bottom left comer; 
firom a iMHioRt mMfe ta a r^ maim rei>rew«titi| *imiMctinli to itt6 tottont rii^t comer; flt)m a ri^t 
node to a tap node, npPMMMii i^toiWMertM Ml ttw Kef ^fjtet eBtm&. Ihe graph consists of disjoint 
chakM imi c^les. Figim (fcldimit tlft frapft ftff 4it KgmMefrof tot <»ample. Since connections are 
always between ad|a(;«« Itj/en, UmffHsam determh^ tfte teycr Ibr eadi set of segments. Ilie actual 
channel itaeA bjt each setof letrtieMicafl be «tttrarH|Fi^iiiehi^tt aftthey could for (Mly two layers. Ilie 
Miy leMrieiton ^ diM ttawrbeonly'iiiie m«f i^pRnlibn eM^ faiyer hi anr channel. Therefore, we wish 
to mu^M layer flumber to eaeh Borft oMie grt^ifo io tfiM teft atid f^t iwdes have odd numters and top 
and^o»M) Boda h«ve even tUM^iea. Ai|}ae^ftiWNtii ta lie 9^1^ mui^ be numt^red with adjaoent 
nuff^sfs. For any gtven iMe, eii^ eiewvence of a ni^Mr wM be tea di^rent channel. We wish to 
ted a numbering wbk^ mtebfiUset^efn elttu! €(M#H|M}ii#B|toy^^ 

LGCustiflwco«siitcrfpiq!tatconsfaMi^QOlydfiii^bMt^«i^ We restrict cMiraWestion to these 
graplH to Wusmiie hew cycHc conatn^itt cm be Nbite^ii4#nut %eifyM%aboM graphs with dif^rent 
mm^iers (^tracks or ^ttflhnmt 9iim> wMeh can ooew if nMto are pmaiL A mettiod of assigtrii^ layers 
to Qodes m a graph consnting oofy of«ydes » » fiMcMk^ Chooee idMie cycle; b^^ with some top node 
odMa^qfd^, Aas^ lay«^ 1 to tMs MKk. Moi^ tti both dit^^hMtt away ftom ttib node, a%ign die 
nodes aloi^ the cycte -- me nocte in each direction at each itqr'^^ i« the firflowing pa^m. Going in the 
dHiedioa of die edges (clockwise), 1)ethMlt^ wiA i^ 1, aM^ in consecutive steps: i + 1 to die next left 
mde: i to ^ i»xt bottom «ode;r+ 1 to ite next ^|^ node; I'f tto^^Jit top nocte. IncreaK i by two 
and repeitf die pattorn. Ooii^ «ppwitc tothe diftxrtioti df the cd^(cowiterdbckwl)ie), beginning wMi 
i= 1, in consecutive stt^ assign: r4-I to the next H^tnode; i to flie next bottom node; i+ 1 to die next 
left aoie; 14-2 to dw ma tc^ node. Increasefby nvo and f^Msat die j^i^em. llic flnt node rcachcdby 
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&e same rt^, tfie s}^ maimslmd p«f!a%. U&»$imm^ssmt^ 1» » xq^^M^deefcwtte and a 
left W3de omfOvededmrn ii ftwfaei i)^H« te C3^ i» SaMRd, a iMi^ai of deaecod^ m«irt}as k 
used For ctoctwisc, begte^^ wkfc t*^girJi, miiiii- ilo ^ nptt tap aode; H to tte aott teftnode;.i to 
tb« iKxt bottoan node; i-I la the mti ^N afl«l& Qii^aaRiiqr >lM»:««Kt fiip^ f^ coitaitefcIodbMK. 
be^«M^ with i»2H-l, afii^: t'to ttiP nmAa^ma^ H to Ae niM^i^wi#a t to tN wat bottom 
Bode; i-I to ^ M»t i^ft oo^, Doa^mt i% lw»{^^^e«b'a^^w»if#c at^ jac^mag tto Af^^t 
Bode dqckwisc md a krft. qo^ c^isMreladM^ « :i«ai^M4]e^r fli»«^ ori^aat 

pattern of asorodt^ ntunli^ is ^^o^atf. J^ WjiCTtfi^ iN tM^>piilir>w» flm^h :te^ 

fiB^^. a scc(m4<gKte can be labcM^>««na»ai ««lMi tte'MKtit^fi^i^ 

or b<Kto» node. If ^m*t sbBp i»iiieh naiigiM to-owe of <>B=la»iMiw Miignii <b a ti^ node;^Ktt an 
arbitrary top mxk of the new cydeisjc||ie8!»aeitba ^Mitaffimiii If Hieiiep ai^m^ abottm MMfe, 
then an a^i^vy iMtiim nodfrJs gIkmii aa^^^ie^ai^is^fMiiiii lir^^tei^ be l»^fMd te 

tun. Each paH^^mvii^¥¥:mmm ^dec«a8Mi|glab«^«a»««tfch«wn?i aa fiaBiiiii&' i^iwMt oae lqi?r 
ia i^^sed » i^ ^iiief. Om! f«w Antitfi 1n@«aaai^M«Ain» aaiiiiMt auiiiM* to* # gram* «f fenr 
Bodcs. ^ii pc^ e^iaamof QonamilliK tm, laA»l0nam aiiAfi[[^|iai9«Rft«3K^ OnepaaailHniqlh 
dacwjaMgffl^wtawipsjiwi^wwtfeH^liMeb 
'«ideuaierlbi»«irigiiaae»l/«^9il'i»M'ii|MI .'■■,:'■ 

wk::re Mcyi^) is AewwiNfjBf 9i)^« of^nisjwilil iijltt<Q«iel fiq|fclliai«iliMi ftpapfe ooaiWs^^ 

oa^ cycles, it comaiBi^ aani&awB4iiF'Of«iQdratli9r«a(ii'i^ 

wiiene a, k te nunbor of nodai fer faiA fUe^ ;Hig:awg<w»iag.(itHni>lli liwi oiMysiiicis^atkaal 1^ 



iwawpiM i iwiwiJiii^i^ 
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of the number of nodes fix* dm «dJe. 'Tii»l0Sii^,ite'ttl6odtikt^^ 

the assignment technk|ue to the the imf^ier of duma^ loed on a ^de by an ^Himai ass^mcnt is at 
moi^ 4H/2H-1 + 4H/nj. Fw 2 ::g H < l/12a^ (Ms iittto s kss d»a three. It is rcifionid}ie to expect n, to 
be muth larger that H, since we do oipect to ham mams n^ire intercimnecticms, and therefore, .sei^ncnts, 
than layers for imerconnecL 

T^ ^^ttw prescflted in Qii^^r 3 minimize die number of tfacts tued iff fOt^^ wtond a 
rectangle. Ilieatgoridim produces the sets of s^mente which will sl^i^ tracks, called ^{^king of tfie 
segments. Ifowevcr;^ tliej>ackiflg may not lead to a minimum area routi^ An attSt^ate padtog of the 
sclents may aikiw mm layers to be used in sraie chaoi^. rcsulljflg in less chaan^|>ek^ usckL Uvea 
the di^bution of tracks to die ti^ and bMbxn or left and right may not be ofitimal "the algorithott for 
t(q>-bottom routing doa nc^ try to (^mize die distributkm of top tracks and bc^li^ itaelEs i^ed. It aeiy 
minimize their sum. The "wrong" dtsoibutton m^t resilt in half-utilized chaimel^ In addition, oaf 
original choice of padis for local conmctiom U m ioi^r »iflk;ieia (o find mp0Bnai routii^ F^ure 63 
^ws that the optimal routti^ omr to^uke tiai a loc^ coaaegiql v^mva&i alciund lUl four siitesof^ 
oMnpoaeitt. 

6.4Sttnnmry 

llhe aigoridim presented in Chm^r S finds an of^famd rtMtii^ wiien ceitiiR res&ictioM are 
placed on die pnMon and on d» idfowed rmtting {tads. In tfiis t^i^r, we liave diacuMed die 
repercussions of removi^ mtiK of diese restricticMis. Wi:an we aUow S(^ti<^ w1m(^ i«K only two iay^t 
but aitow hmimntal and vertical sc^nents m bodi layen ot which uk m(M« dan two layen, ibe 
a^oridim no longer always ftiMte an optmui sotutiM. In diese easel, die iri^oHdim may be comddered a 
heuristic a^oridtm. The algoridimlhnitsAe range <rf'9(Aidom ft conddtintK^ftidsmqprtkiHrtsi^^ 
widiin diis limited set When two teyers mc used fin- tMlh l^izoMal and wi^kiA sc^menti. we have 
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Viffim 6.9: 1% One CenpMiMrt Rm^ FnAfeMliMi MswIhiM 



Connection for 5 goes afoiiiid^4 sides. 
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adds 2 units to horizontal dimension 
adds 2 units to vertical dimension 



Connection for S goes aroiitid t iides. 
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i^own in Section 6.3 that |^ 4lin(Mi9t^oCle90)^ mNN la^fieli^taKHi^oo fay tte nnHif« prt^ucmiliy the 
algorithm is never more that twice Aat added by die q}tiina} routiof. When septate layers are used for 
h<Mi7x)ntai and vertica] segments but th<yf j|q|c^ thaa cnc layer for eadi^ (Erection, the algorithm 
minimizes die number of tracks used in ehcb Erection. However, a new problem is encountered. Each 
set of se^ncms sharing a t^ctrntiatt be Signed to a chantiel and layer so Utat conncctioi« at comers can 
be made property and die area of die itsuking layout in minimiiied. Given se^ W segments to. be 
assigned, we do not know an algoridim to find an {^rtimal as^nment Also, given a collection of 
segments, we do not know how to pack them into tracks so that the resulting area^ rather than die 
resulting number of tracks, is minimized. Finally, given a One.GcM»f|(i^i^ Rputkig Prpl^em, we do not 
know how to choose directions for connection padis so that die resulting ^ea, rather dian die resulting 
number of tracks used, is minimized. 



v«-.'-i>#Si -jn^-S^ «S; < "" ^fei ^'X-- -»-J«^.v- J, $-^ -s ' i^n^ /•^fi'~!f 



In tliii tfiM^ wt iMHre cxMntaied iwoMiim tacoMimwd to cimiit layout from the perspective of 
com|rtaHy theory. Our §ati hn hum to §m better uaderttamliflg of the prd>letns and discover better 
tschokytet for Aeir i^^M. We twve pretemed ttiiw fWDoft of NP-completenen - one for an 
orthogonal layout prabtem wiiit miimttaUx cam^mnift of Mbtaury size, one for the channel alignment 
proMem in a atpoet, md one for Itie faiteiNetkMi channd asrignment problem, i.e. channel assignment 
over alt streets and fauenectlom. We ako have anid)»ed a common heuristic algorithm for channel 
ass^nmoit within a street TMi WH^nfai diows &uA dw niUo of the number of channels used in the 
solution produced by the a^iMlttttR to the Gp^mat number is not bounded by any constant This 
dgoritiim and iU anatytb provide a refbience peiM mahwt «Aidi other i^ridims can be compared. The 
^vdq^ment (Abetter alKN^Ams Smt channel Miiinnitnt remains a topic for research. 

The proof of NP-co«fMi^ncsa of the chamiel assignment problem holds only when each net is 
required to use itt most one cNnnel;. le. channel ass^mnent without jogs. 1lie complexity of die channel 
asa^fowmt prabtan with jep nmiriM ofiw. The MttMsr co^scturea Aat ihe pnrfilem is NP-complete. 
In praetioe, jc^p ait idewed mUdiki a ibwt ThennRm. the «ii4ysis of known channel assignment 
a^ri^Rtt which vm j(^ Mid ^ 6e>»ikipmm!t e^ better atgDriAffn are usefol areas of research. The 
lower bounds on opimi chMnel an^pnents wittwut jo^ do not tffiy when iop are allowed. Analy^ 
of sohrtlons «4m jogiMe dtewad ii neeeanqf to determfaied ttiefol lo«^ 

in C^i^Ker S, we have presented an algorithm w^ridi fln& die optimal diannel routing for a 
speciid case of tfw hyout pioMcm in ptriyBomial time. Among oth«^^ requirements, die layout pn^lem 
muM bivotve only one rectai^lar con^ionent, md all nets mustcontdn exactly two terminals. We have 
shown hi Chiller 6 thirt vdien any restricticms on die pn^lem are mnovcd. die algoridim is no longer 
guanaHced to find the optimal soiMion. Assumptions about sattsfoctmy routing paths no longer hdd. 
When nets are al&amed to have man than two termini but ail other restrictkua of Oiapter S hold, die 
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complexity of tiK byout proMon Uvpm. a% mo ilWa a ieir^tife i ^ H ^ tH ^ es ented in CSi^Her S or a 
completely different i^mdna may fiml an ^Mmud scAiticM io pdynomtid ^eac. The author has been 
unaMe to find such an dftMlAm or induce a proof of ^^*-htf&las. An ateemaie rdaxation of die 
restrictions alkiws two compments vrfiidi fie ^ by i^, iMrt does nol aUow terminate (m tile adyacetf 
si<tes. llie restricticm to two terminal nets is retataed. T^ ^lity of faiiaa to run b^ween the two 
rectangles B added. Ilus vernon of die proUon im also defied analyas. More generally, die techniques 
used in &k algoridim may be used as heuHiOics for die general nrntii^ pn^lem. Furdier research is 
necessxy to <tetermifle dte qu^ty (^ these teehroques as heuristicL 

An intere^ng combia^rial pnri^em is sugfcsted by die routi^ pndilem of Chapters. 
Circular ait ccdoring and roudi^ around a ncUm^e je8entf>ie eadi other oceiH dut, far the rectangle, 
pi^is can go (»ec^ two ways tfmmd die rectM^«Kipadis can change "cotOT" at any comer. Suppose 
we extend dR»lar arc c(A>d^ so ^at~«ts" can go lUMinddKcifCle in ddier (Erection. More pradsdy, 
we modify dKditttlarsHccQiotnfpRAkm as fidows. Pidrsofpotnisonadidearegiven. TheproMon 
is to dioose <Mie <^ die two W3 d^ermined by eacA pair «m1 odIm- the choiea arcs so dutt die Mffiri^ 
colors ined k ndnmtzed. Stmx chodar arc o^rii^ is NP-cooq^ie, we suyect duM dds raoifificittiai Is 



We have chosen to use a modd wbkA rquesoM coiiqxMrats as lectanfks wd wires as d^^ 
wUh unifixn widdi and itailbnn iatemi^ spacing. The design ndes for iMe|aied dicuit des^ ^4dn| 
uemorecompliatted. Widdis and spacmgsvwYfiioai layer to layer. Uader the modd we hk.^ widest 
of die requacd widdis and spacinp must be ine. HMt tdsv^ficatiiMi jvmoves the coayttcatioiis of 
pardcute- technolopes fifsoin die topologicai «id teometric aspects of Ae tayout ^oMen. PtoMeai 
wUdi vary s^ificantiy ftom our modd, such as pown* and fiomi wirli^ lequlre se^anUe aJinrWhniii 
We Msume tbai no topoiogiad infonmtfioa tbovi dM desiitd faqKNrt is 0iw» wtth te pniakm 
^edfici^ia. This is ta ooiiinM wiib tte stfck ^afran afvnicfe »vte«ml is Chapters^ 
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tpp^tigical iQ^MSiMfamM |HKt«^^Jh9fiit. Botb tfq^tv^iufif^^e j^e<^f(X>n4 UiefUl in practice, but tead 

layout frqio that in tM«^i|| JK a^ji^s9,v0mm^mmi^ f^m^ 

model for Myout. Tbis f^ tt^ftn^ ^MdelhM fio^f n v«;y u^ 

required by interconnection patterns r^rcsented by vartoi» classes of graphs, '(^te are many open 

problcn^ in ltoisare« ofmrnd^- J^js^ j^iot^i^^^j^i^ interest are to dctccmini^t^^ upper and 

k>wcr bounds on^ the area aeedl^lp#inbe4d(|t|U^^i^)LfM^^;ir^ ^ 

shufBe exchaap graph (Lei^ JD^ An aiN^^t^ i»«tffi9asu^|Bji^se pfi^t^sd in Chapter 3 ^ 

Fi^Qtiy been pippdKd by S^ifr Jitii}. J^e i^ jrff f^ 0e l>iP'bardn!^ P^ 

graph in Mie gild both unctertlbeeps^nwaM^piScffei^ 

In the problems we hAite cuiiskletisd. plao^toft i^ndifi^jAipg am r^tritii^ to be er^^twal. 
Research ismxdedon thecest gf Ot^ienimfftion. How n^^^^i^tt lost ^yaiiowiiig only hortzontal 
and vesical wii<es? How mii^ ki pitted by addi^ a third difection Iqr Wfre|k«j. 45 Hes^ wires. 
T(Mnpa [VoSS^ has s^n t^ ^one Are^ep^auiu^tgr^iiii^ oiirbeA ^tdi^i«ichr#»t f^connectioBs 
are of the form "connect the f*^ mmml (ni one side to the l^'' tetn^na) on tl^ second sMe". the optiflpal 
routing uses arcs of dnstes as wife paths. We have also, ^p^tnusditbitt ^z^ial and t^^sai wires He ^ 
different layers. We have indicated how much this assumption costs for the problem of Chapter 5. How 
niiKh diis a8sunH)<don costs in general is an c^n pivbi^a. W^b there arc aaiylwp layers for 
interconnect, running two wir^ in^iaralicl, one on top of the i^^, on septate layers across a chip 
separates die two sides of die diip. Tbk sugi^ste diat rcstricti^ ea(^ layer to wires in one direction » 
desirable. 

At present, most integrated circuit designs arc done widA tmly two layers for interconnect 
However, in die ftiturc, more layers may be availabk. When n^re than two laycis arc available 
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fe^^tiiHi RNitii^ to two otttqpwiJ ^l e et io rti teay l« vetiy oojttiy in iMiMt of area of iayotits. ^ixM 
mote i^eeUtm be ntrednced MMt one 4ieett»r be taed fir ead) fabfeit Sk^ d^ *dtflb^r faijm. 
dificrent direction" tedmkiue be irttaodDtoed cotf^tet^ 1%r okht iftiii two layers, a if«^ area (rf' 
RMfflfdi fe to dieenmine tfi£ festriatkNis «^iklr s^t^y life Rn^it#(^^^ «ti^>e<^y to tflow 
develo|Mnem fsffpoi i^iritfBm «id wMdi ins^ m gOKsSiaytieis in it^i^M^l^ layiMts produeed 
wHtKM^ tfie re^^^f^k 

TlKiMidef wefwveiisedc(^deraonlyd^aitea^tt^M»5. UpeK6ce,o&m<^tm3te^fisi6^ 
dfcuit byout% sa^ as ciioMtAnfa^s sad power i^^ 

ways of itKxtelfl^ ttese peranetefs. Very few a||ilriawib lun^ '^e^ deif^sjpNbd tri^idi o^ 
{Mrameteis into aecmmt in ai^ way. We wottMMso Ifte to haiM: a kas'rettrkitive mbikA e^C3(»^Mrats. 
Hie extcnsiM of i^ mod^ to^^(fe k^edly 1^ liq^dc^ ecpfv^^ 
CM>tcr 3. We woirfd al» He ttie i^ity to <dlcA^M^ viirkile'si)ieeQt^^ •"> (»iApdiKMs whidi owld 
siretdi or dirmk dqieMfii^ on the r e qu are m ca^ of ^ liy^o^ A «»y l^elbF cmnefA Is ttfett of 
seRl^Rs&fcted re^o» fer ro^B^ Ttee iPDutd be rc^^ofHi ^^^ 

Bsed by wilts. Tliii cBiHoep » condNiatioB wWIt stwu dm A fe cefti eoaij iftjw wires In certiria hirers to 
nmmerc^aikeT^t^imkhtii^WKU^^tami^n^ IlieaeowcepatcvebMiD 

nsmi by soBi« ^r^ietns, bat new f t pmftiHHtfe ia and i%!tHtfan8 ts pkSiki g these rt^Aesettatfoas itfe 

In die tfieii. we Ittve sefMtraied iiAacentent and reutiflf bi ihe cbnveotioftii ftM». the 
interaction of pte^MMEt aiftit'ibi^m it very cdnq^baledl Oktatn oFttaoBdi Hlfte der d fl pmca t of 
algori^ns wMcb do not 9^«nrte ^Ksmem and ro^^ or«rt^ at fnitalli^ 
interact more. The grj^rft toorctic tccfaniquet mentieaed in Section Z2 do ooasider frtacemM md 
routing i^MnttaneoiHly. liuwevei, Aese modeii do not repKitot tte fioiitctiy'w ne tOfltpinneML Ws 
baiveseen to C^«pier4ftitt padtbig rectai^ h mbt^min anea is fai itadftfUHsoofk^. TNeieiNPC; Hk 
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Utemm of Cfliipii iii imi Km t ^i§mm»mM^kMmnm0§0imm; Wfteit placement and fouting 
«ft mfmm,%mm^m^itlmim1tmm0m^ m a packing whicli 

fiKiMaie»i«tii«|. M cm tmim, « tfimumtn mmk9§mmpucmas^cmpon&iiti as Kctan^ can 
toviiiihc. mk^eimumril$m^mM$^m. M i»^0mfmmm9mptmmitm att beiovemed by the 
deafertfaitetcowMtltoMhiftwgg aw i paim ^ hdw the rectangles fft together. 

One ana for t^Mmt mmik'U mw^^msmmmkmttmniiM^^^ Good 

criteria nx judgi^ wilder a ^ac«meM does fixrttttitfe ^ coutiRg are needed. The criteria currently 
iM^ most often MthRMe wtee tei^ tet nci routi^ ««L 

We ha^ iniefid^ ow moddl to ht taHkiMadent <a the pMU^iifau- technology of interest, 
4thoi^ we have used Ae dei^ ndet oT^^^ 1^ nMOS as our yikte. These design rules ai« 
itKeflded to scak down as the Miieatioii technelettr tecoMM eapahie of creatir^ sihaOer and smaller 
objects. Th««^e. ma nmdd ateuld rcrann useAri dM|^ Ae fict Airt acted fwraneters of d^in 
cha^ fNn^iefM^. 

In diis iNsis. we have bwn ctmcemed witfi the qua^^ of i^gofi^ms to 8(dve prdriem 
encoimtered in layout. The ciiiarfa oTeompIwi^ tNory are not die only criteria uaeftd in judging aa 
a^DCiten ta be used in practke. Algori^M iteold be ^ to use and mainute. They riiould idlow 
sometattractiMwM^hiMfUHideiripwr. The i^H^Nn presented in Ch^HerSRmto optimal sc^tkws. 
Therefore, hiienction witt die rlwriiiwr is not as important as it is for heuristic a^rithms. where the 
Jt slpB i' sMlhtisaBimpa^wtiapt NemOeless. die atgofithmofChapter Scan be written to idbw 
Ite damper to predeienmiw the {Mthsi^ some wires. It wW find ^ c^rtfand roirt^ mii« dicae p^s. 
AMNhercriteriM for judgta|i4|BfittMis is tte mwriiwitf food siA^imm which an atforidun can pmtoot 
efllciei^. As MpfflhRwMtftewpieseM a des^iM'w^sevetid good <teNceswiH be preferable to OM 
wliich presemi one fsod sohttion, wrisas die one sohition is substoMia^ better dtaa any of the dieicai. 
Even amoaf idporMlMW vMch (M op^ksui solutioas, oae mMxM obtidin more don one optimal scrfutim 
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in ^^roxiButtely the s«ne nwa^^fflf m|y bQ|}i«gB^^ Ottesft^MKII^w tf» optima 
Biay bs imi to chooce ^o^ t^piMiiA aidi^k}^ J^^9W9|^ ^^^mttaa of CSu^ier S is Mased 
towards assi^og ''0"s to left ^ jerauniA^ A^oA 'mmmof$»iiti^SBm biased towards anlsiiii^ 
"1"$ to homm r^t leimpilb^fl^iriw Ik im lo ftad aaj4t»M^ioh}ticn. ComiHesdty 40d|«>can 
ass^ m die deveioiMneat of betK»- aigp^^lm* ibr tayei^ pnobl^ina, Uowei%r, die itt^tl^ <^ an 
aigoridua must adw becofuide^ >A^J^^i«9til^9ew^ 
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In thii timric die MaeqMi st yiph Awry wW ftequently be used lo (tescribe problems. All 
(teftnitkHis c«i be found in {C^H^ Wf miew Hmn Iwfi. 

KgK^ O » (V.E), c<WMi(<i ^a ffnto Mt ef Mn (<^ vertices), V. and a set of edges, E. Each 
e(^, e 3 (v^.Vj), te a pair of nodm. Mjgt e te sakt to be #iCKfeNi on vertices v^ and Vji vertices v^ and Vj 
are tfw em^wMtt of e. Vertices v^ aail v^ are o^mm Id eadi other. If the edges arc ordered pairs, the 
graph to Artciett, odierwiie, it ii iifMir«ci«ii in a direeted jpafrti, an ec^ (v^v^) goes from (or out qft v^ 
w (or Mf0) Vj. tf a fwOe tm d tilPM inclimt to it. tH^nm md» is of dirt m; d. 

A juf^ in a gnvA is a Mqyenee dP «%n: 

(VpVj). (Vj,Vj), (VyV^ .... (V||.Vg^jX 

The fio^ on tfw padi are ^ ae^n Vj. Vj, .... v^^ j. TTic padi Is of tength n. Nodra v^ and v^^^ ^ are the 
em^ntt of ^ jpaAl die pi^ fbes ftom V| to \^^. If no no^ iqspears in die sequence of e(^ more 
dum once, die patfi is said to be ski^. We wHI tfways mem "rimpte padi" when we say "padi". A padi 
is a eyekVy^ a y^^^. A siMfdt ey^ b a padi on which mdy v^ « v^^^ t^pp^n more dian once. A 
graph k acyclk if tlMm are no cydm hi the gnflti. An acyclic undirected gng^ is called a tree. A 
sukgfa^ S « (Vg,E|^ of agrapft. G » (V^,^ is afr^ih wlwse set of nodes, Vg, is a subset of V^ and 
whoaaietofe^e^ E,, is a subset of ^OMitidnii^ only e^^ whose endpointsuviaVg. 

A grqA, O, is ^faiNW if dme is a au^iiig ftom die nodes of G to points in die plane and fiom 
e^ies of G to curves in die pfams aueh tfMt: 

(1) The MK^MiifM ^Hm ratrve correspomB^ to an ec^e «e die iniaies of die endpoint of die 
edge: 

(2) No two curves mtorsect at any point other than their enc^ints; 

(3) A curve does not intersect die teiage of a nocte unless diat node is an endpoint of die edge 
correqKmdiag to ^ curve. 
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Inform^y. a planar ^^ is one tAMk liafrbe 4ri#it in tteiiiMe without crossing e<%es. 
An m by n two-dianntttofl«d |ftf cnii^ is an umtirected gn^h with node s^ 
V = {(ij) I i and j are poriUve im^crs. li^jt^m uid l^^n} 
and edge 8^- 

E = {(Vj.Vj)! Vj = eg) and v^ = (g -»- 1) for l^i^m and l^^n-1 

w Vj = (ij)attd Vj = (i+lj) for l:^i^m-l and l:^:Sn}. 
To indkratc the growdi r^ of fbnctkins when discus^t^ tl^ performance of an algortthm. we 
need die f^lowing notation. Given re^-vahied fonctions f and g on the saoie domain, f is 0(,td if there te 
a poutive constant, c. such that for aU but a Unite number of domain virtues. f(x) £ cgix). The O notion 
is used when discussing uf^r bounds on a fonction. A staH<«nent of die form "die running time is 
£)(g(n))" gives an uf^r bound on the running time. When discussing bwer bminds, the notation is 
used. Given real-valued fonctions f and g<m diesamedmnain, fBQ(g)tfthereisapo»tive OHMmUc, 
sud^ that for all but a finite number of domain viritKS. %%) ^ C9(x). Then "die runnj!^ time hGK^n))" it 
stating a tower txHind OB tte nittoiac ttaw. 

The above defoittiiMa are (rf'die concc^ most ficquently used in thb thatis. Other defotittoM 
are presented as needed. 
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Design Automation Cotf^rence, IEEE, June 1979, pp. 314-326. 

Pi^n^ a nfctiipfl of ^nvi^i^flt a ¥«Qi6@M|pft^f a^ncaMon in sjrnchronous logic (a 
hi^ level tfingiM^) toiui «}pte^»^»ticNR (tf ttif Aia^i^ en aehip i^ag cne or more PLAs. 

IBa791 Baker, »3.; Cofiman. F-,G, Jr.; Rivest^ R.l^, "0#«»awrf Packing in Two Dimensions," 
Departna^m of Etectliort P4ie«e<piii;4«4 Compatefr Scawee. Tft^^ U. of California at 
Santa Baitara (also to af^iear hi SI AM J. on Cott^tinjd. 

Presents the aaal)i«»iif.^ Miristic^^thitt>l\» a restricted placement problem for 
rectangles. Rectangtsf have a picdGtenniaedori^M^kMii 

pc66l Berge, C, TAe TImry t^Gmpfis an4. its AppHmi^m, Mm Wtiey & Sens, Inc., New York, 1966. 

[Br761 Brinkmann, Mlynski. "Computer- Aided Chip Minimization for IC-Layout", Proceedings of the 
lEEEltttemaiionalSymfmmimCwmiism^Sjme^ 

Presets a metfMd of pladf^i»:^if^tHw comp^c^its^on a ioei^i^fe. TtM; goal is to 
minimi/e unused ^}^. The mc^uid te bvdiMvtc! ^Jaff^tfeciMgic iMo mtallcr rectangles, and 
modify the small rcct^^l^te(4ic^ise<)f the aitii(^«»ai|i»ae^ 

(Ch77] Cho. Y.E.; Korcnjak, A.J.; Stockton, D.R, "Floss: An Approach to Automated layout for 
High-Volumn Designs^", Pimmiin^ of t^ FowieemH Design Automaton Coi^erence, WME, 
Juncl977, pp. 138-141. ' , 

Describes I'LOSS. a program fur the automatie pfieki^ of the hand sketch of a circuit 
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lDcs72| Desgn Ammnatimi of DigUa Systems, y^wmit: Tli^ifand Techni^ei, Mchfin Bfcuer, ed. 
Prentice-Hdl, Ina Eh^tSWO^Oirts^Hj. #71 

Revkws vwktes ptiMi^NS^^^n^di^ mitM^a^M'.' -fi#c i^ndK^s, simulation and 
te« gcfKrati(m »« covered as ^n«H^ M pl»isdi cf^i^toi i^ gddd Mtiittdidtii^, but aUrcsscs 
l»imai%piTnie(icinitAla)mii& ;?r' 

|l)eu7^ l^wtsch, IIN., "A Dosksgr C^mamKmlsr'' PHiiieemgfi^Hii^l^^ msl&i Automation 
ro/j/fr«r«. lEKH, 1976. pp. 425-431 

I>»cribcs a chiinnci iKsl^ment aigimAm when j(^ are aNmvqd. 

IFc76] Fcltef. A.V "AdttJiiMaic UymH^f fu^K?d^^QMdl>nr%ftt^^^ Rart»rtta'f:i^fc'Cwsu>m 151 
Devices." Proceedings of the Thineenth Desifft Autonmitm Coitference, IW^,H. June 1976, pp. 

Prcwnis th^ ^ndaid cx;M ap^nueh iMied by ftCA. COii^)dncnfcs. called c^ 
in rows. 

|G«79} Oaicy. Mil.; JelNneM. DS., Cou^mms md InhtK^iiy: A Guide to the Theory of 
NP-Compfeteness, W.H. FFeemaA md CO.; Sfirf¥ilRiciBecK !9f9- 

Gives a good presentation of the theory of NP-comfrictcne^ 1 cchniques for provi|ig 
prriilom NP^cmqrieie MdmedttMls ef di^i^|('«i^lfP-cfl<npfctept«(blcms are idNscitted. A 
list of over ^}0 NP-comptcte praMein»lr^¥tft Wi ttJe I 



K5ar| Carey. M.R.; Xi*nson, D.S.; Milter. G.L.; I^jaditititriou, CH.. "llic Complcxily of Ct^oring 

Cinsyim^'aciaMaaoiiH'*^,SIAAtMmamM^ 

I -. ^ • ,. . . 

Kjav7^ Gawil, R. "AtgerMmis ftif MMinmi Coldi^ Maattettin CUqae. Minimum Covering by 
CUquGS, M^MakMM MCj^tiMfeiit ^Sc^fif i'Ck«Md#^i#lf^, S^itM Jbttrkal ef Computing, 
Vol. 1. No. 2. June 1972, pp.l»-I«7. 

unckr cc»taitt cdQ^tiom^Mii^lotMvatiri^eo^ 

|Gi76I Gibson, a; J^wcCi S.; "StJC - Synboiie rjyi}««f<}iii£«f»ted drcoitt;* Ptvceedings of the 
Thirteenth Design Automatum^^it/imck Wm, 19^ ^^m-^HSL' 

Presents a syjtfem under which (teHgita«u«s^iib(A 10 n^«scnt mask tt^ioki^^ A 
dc9i^ speraftod^ iyiHlwli<'da«lr«(M«lMi^ j|«i#li«. '^ A tymtM^' design is 

auu>matic£dly tramfomied mio a fi^ gsonwiric apecRlcatkn. 

Kju79j Gupti^ W;tte^ iXr Umk J^ 'A^^ Of tiiii m g i totioti R»lik> ChaBbct-i^a^mncht Probtem". 

problem when ibfa^asfmfimmeAmmi^tm iwJlliltf ifiiiiiflltirnitoeiwd<iiep. Hie algorithm 
is gencr^izcd to solve a two-cfencnsonal jnoMbbl 

^an72] (fonan, M.; fCw««bag;i^ "A R«yiew oftte l<|aiHmiefft^afid Qaadnitk: Asstgnment Problems." 
SI AM Review, Vol. M, No. 2. April 1972. ||^ 324-342. ' ' 

A gevtew^alijbrHhiw fef <te ^idWaMNf p ii ai t |W fatt # opfiBrizc some functioa 



«id »^>e6tai ease, called the quadrotk ^signawM prtibtsni. A summary of experiments done 
with leme progiSHBSkfi^^ 

|Hao76| Hanan. M.; Wolff, F.K.; A«i*i B Ji, •'Some Ej^erlmcntal Resrite on Placement Techniques," 
Proc0GMngsi^^ThwteetakBe^» AuiomMm Cmfmwe.WMpi, June 1976, pp. 214-224. 

Presents the results of an empiracat study of placement algorithms: IMth ra«dom and 
OMStrwctive bt^aiplaeemeits aie ccwnWrtwl^^ vwtote Iterative improvement techniques. 

[Has7I] Hashimoto, A.; Stevens, J.. "Wire Routing By Optimizing Channel Alignment within I^rgc 
hpcmtm" hveee^tgioMeklghik Dem%k AM^mmtioH Wor1lshof>MV!P.,\n\, pp. 155-169. 

nm p^»riotro4M«d the channel iwHtafticteiiqiKf. '*1ie gencratn^ 
and an algorithm for channel assignment when Acre arc no consi^^#yh(e to terminals is given. 

|He78J Heller, W.; Mikhail W.; Donath. W., "Prediction of Wiring Space Requirements for LSI," 
Journal of Design Au(omatUm and FauU-Tolermt Computing, Vol. 2, 1978, pp. 117-144. 

fttseiift awdtfcoAof (MftTHHjftg d»JaMi»>l^^ 
ofluca^ma. AmdmiicimMmvm^ 



[Hi691 Hightower, Davkf, "A Sdution m Lia^lUim^ Vf@\i^f&m ©n the Continuous Plane", 
Prveeedings of the Sixth Design Automation Workshop, SHARE, ACM, and IEEE, 1969, 
pp.l*24v- 

This paper IntRKli^llPft eso^ Hneitfic^ttkipic A)r Hndiflg a paft l>ctwcen two points. 

[Hi74l Hiitfitower, Davkl, "The IntcFcoiuieaton F^^^ton: A Tutorial," Cowpuicr, Vfl».7, No.4, April 
1974, pp. 18-32. 

A wrvey ^ Ac rwtii9Spf«^tem4 piM^M% for ilriRtcdcfitmit boards. Discusses pin 
assignment, #ire^st d^cimihMion, leering, «ttcfh^ aoA "wife tayeut" (routiflg as we have 
discussed it). Includes a good summai^ of the majot rotftit^ algorithms. Has a lai^ 
biblic^ra^y. 

[Hit691 Hitehcock. R,R., "Cdlulat Wiring and the Cellular Modeling TechniqHC", Proceedings of the 
Sixth Design Automation iVorkshop,S\]ARF^\CM,andlEEV^19mif^.l^4i. 
InttoAiccs tfie c^llttlar approach to roMlag^ 

[Hs7S^ Hsudi, Min'Yu; Pcderson. Donald. "Cominiter-AkiedtayB« of lilf Circuit BuiMing-Blocks", 
Proceedings of the IEEE InternaUonal Symposium cm Circuits end Sj^tans {ISC AS), 1979. 
PP.474-477. 

This iKipcr describes CAIJ8AGE. a prt^ttim wfcich coftwfts a schematic sdck 
representation of an integrated ciraiit layout into 9 Aitt gcrancCric representation. Once a 
geometric representadon is obtained, the pn^rameuti^^actt ttie eircu^ layout 

[Hw781 Hwang, F.K.. '"nic Rectilinear Stciner Problem," Journal of Design Automation and 
FauU-Tolerani Computing, Vol. 2, No. 4, Oct 1978, pp. 303-310. 

Presents a fci«:w of results oi» the Rcctiiincw fitter I^oblcia. 

[Jo79J JdiannscB, D. "Ikistle Blocks: A Siltom Compiler", Proceeding of the Sixteenth Design 
Automation Conference, lEEH, June 1979. pp. 310-313. 
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Prcs^ts a $y!^m fortiie (l^giiofl.SI cHia^ basc<m a paiikular chip 
A hierarchical design approach is used. A number of rcprcsmtationsamexpteked. 

{Ka79J Kawam«o, T.; KaiMtani. V., The Mininium Widft Rmttii^ ©f a 2-Row 2-Laqrer 
PolyceH-Uyout", Pmceedm&t^ike SiMteoHhl^^AutamfamCvnfifmM^^ iBEE, June 1979, 
pp.SO-2%, 

RrescnUi » ptAywm'tal time a^riAw to lind a mtniawm (Amnd aatgAmcnt when 
jogs arc allowed any where, i.c. when the street length can cxpamL 

(Kcl77] Kelly, Michaeli &nith«Rohcrt."AaalyticMaadFj^]!^fflent^A»^^(^K()utir$ Algorithms", 
Procee^Hgs iif ihe Bkvmik Mib)m»Cm^Kmt (m^iKsMs, Sf^am, md C 
Nov. 1977,pf»,3«h3(». ^ 

Presents an empirical study of ma/x;, line search, and channel routcre. Data k difficult 
toifttcfpct 

lKcr73| Kcniichw. B.; Sch««tk«t, D.; Bcndijr. G„ "Aft O^imal Cbmnel-R^ting Algorithm fijf 
Polyccll layouts of Integrated Circuits." fimseeik^tif^ Tenth fks^ AuimmiioH 
Workshop, IEEE, mX pp. 50-59. 

Presents an algorithm which finds an (^imal channel alignment. The algorithm 
searches through aft fX)8»iblrHrfut«y^jntf has exjp»ii^i^^runfl^^tt^ 

{Ko69J Kodres, U.R., "Logic Circuit Layout," Pmceeding;s of the Mm Coffference on hkuhcmatkal atal 

A survey paper whWi tjses a ffSfki dieoretic moctel for circuit layout <W*er 
subproMems of ite !iiye»i|mi^ madd^iMfeift^acei^^ 

[Ku791 Kuh, &S.; Kashiwafeiifii. !•.; F»4ls»ia. T^ "€te #^ IEEE 

[I.a79] Lauther, Ulrich, "A Min-Cut Placement Algorithm for Gcner^ Cell Assemblies Based oa a 
G«^. Rcpn^cntatioa", PtotfetkHpi «f Qie SkjUeenA De^pi itotmtuaUm Cot^rmce, f^B. 
June 197%flpLl-lft 

IDcscribes a method of pkecmmt <<X coetn^uto coraponci^ of arbitrary size. A 
square of the same area as the total area of the components is partitioned into pieces of the warn 
area «i the irHM.vkftiatcwi^»nci>ts. Indtswiv^iftettfativepanti^MafthcvbmfioQoitsiftUie 
byoqtw^'^teienniBed. 

{tjce61] hm, C. Y., "An A^orithm for Fsidi ConiMctiMe me4 Us i^i^icatioiH", JHE Transactions m 
Ele(armiwCampuim.yi^-l^Scptm^bcfmi.mJ*hm. 

Pre»BBi5 aft algoritfim for fimU^ fhe^ip^nl^ptfh-bcnMeKtwo poHittn a gn# tmng 
any of several opttmaitty criteria, 'fhis algoritfmi is the foundation of the maze foutbig 
tec^if^. 

{I .ci80] Leiscrson, Charles, " Arca-Effkient Gi^ Laymti (for VI Sly* id m>af "> Proceedings cfthe 
TwentyFini Annual Symposium an FoHndationscfCotapuierSci^tce, IKKH, Oct. 13-15, 1980. 

Prefients u^xa- boumte on ttie ar^fieedkxl fo sMdMl fiiapii in tk griEfc Ittebom^ 
arc for graphs belonging to classes wiU) »«^iaf^oHbaoRn»; 
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[Umi UuX.LM/«/ro<^c<«iiteCe«6waft»w/Mi#rt»^ New York, i%8. 

A pi«sc»{^o»or^«^4M»fy {»aQ^ G8sbe fotuutteie. 

[Lo79) Loosemore. K.J., "Automatic Uyout for Integrated Circuits", Proceedings of the IEEE 
/ntenMiimalS)Wposimim&mtU8amfS$imm,]Smfppjmi6^. 

Th\&^^ffir4m:^ibm^mmiamtm^»^ the GAHIIIC design 

automatioft ayatem Cootpon^s we vary>te ^»mAsf^^ Th<^ are fdaccd in liorizontal 
regions (m<w^ ftex^^^tsa; fo*s),i«Atij,>stieetB ftwr hhi^ in between. Tlic e«wH>oneflts can be 
placed above die routing area indepehdentl3rja»lllittieHrareais«»nte4 

fMc80I Mc^, Garver: Conway, I.ynn, IttinxUiciian to W-*/.S).rft»wsi Addfeam^Wesley PubfishingCo.. 
Reading, Mass., IW0. 

This text prescntsttw (undaneatateof designing di^ial^fstciTO in ftN^S technology. 
A systems approach rather than an cfcctnwik:* approach is taken. Tliis is an excclkwt reference 
for anyone who wish^iaiecini how to dcs^«kJpB< 

[Na78] Nan, N.: Peuer, Nt "A Method for tiw AtHdmatie Wi»Bg of LSI Chips," Pmceediugs of the 
IEEE fmenwHon^:^inVoaikmmC^t$ik$mdS99tems,k^r\91^ pp. n-l6. 
Uses dte di(mn4rt muttflg tectoti(|ue irfdhrkyiHMeuttng'Jri 

{No76J Noto, Wchard; W<»B«r, Ban% "C«wipalei?Aided Ocsign for Complex Orcuits", US Army 
HJectronics Research and Dcvelopmcitt€ks«iWMd Ttdmiea) Report lJfiLE'FrR-76-l398-F. 

Presents a program which contains a method for placing and routing critical paths, 
whose d^y m^irt be Ainmifaied. %Mpicp^fwMi»es^^ 
asatayouL /^'- 1--- ..•.>/'"-;■%■,:• ' ;.-\>:o.-; 

{Per731 Persky. C; Gummel, H.K., "Gralbs - A Symbolic Routing Ungu^e," Proceedings of the 
Tenth iksigHAmmHmJiV0fi^tf>fi,mmi^Xjm^^ 

PwJsenisAfeiifttage &r#ociftwi»amii#%»i«, i*e deS^ 
routing as a program specifying what line ^meiits should be drawn between what pdnts. The 
program fe4*zc»«Ni^p(i^ftaBS«ft; 

{Per771 Persky, C; Dcutsch, D.R; Schweikert. DH^ ''LTX - A fclinitsomputer-Bsffled System For 
Automated LSI Uyout". Journal of Design Aulotmtion and Fault-Toknuit Computing, Vol. 1, 
No.3.Mayl977.fp.aiM^ 

Presents BtdlLabeviMQr'S iqN»»n ^ mtt^t^ei ^^vcuit ^t^ tisie« standard celte. 
Many Mlamti^ i^ge^i^Bis Iwve been de^tapwl %t dtts system. T^ ar e outlined in dils 
paper. 

lPi77J Pippcnger, N., "Supcrceiiccmraters*" SIAM Jmmaim Cemputiitg. Vol. 6, No. 2, June 1977, 
pp.298-304. 

[Po79I Porter, P4win, "An Atitomatic I^out System for VLSI", PmrnM^ of Ox Eighteenth IEEE 
Com/mHrSoeatylnterimkmtriC&^remefCemFCOHhm^J^^Vfianmf 1*79, pp. 9-14. 

Inscribes die DIAL system, a system intended for VI Jl layout ITie system is 
desired to be co«ptete^ ^oflfiatic. fcc. to produec VUI iaymits wttvotit human a»istanee. 

lPr78J Preas. B.T.; Gwyn, C.W., "Methods for Hierarchical Automatic Layout of Custom LSI Circuit 
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Masks," Proceedmgs oftlu Fifteenth BmgaAmmmakmCenfiamce, Jiific 1978, pp.W(fl\2. 

Presents a lajrout systoe wtikdi^ w^els %^ (Spi^^ arc rcctan^es of 

arbitrary size. A hierarchkal approach to circuit design is used 

[Pr79] Preas, n.l\: vanCieemput, W.M., "Racmcnt Algorkhtns for Arbttrariiy Shaped Blocks." 
Proceeding oftkeSHcte^tkOemgn AutmnaUM Coi\ference, IKKK, June 1979, pp. 474-480. 

Dcscrilies a iiMidKid of exhaiKtiv^ scwcMtis Aif an optimal placement of rectangles 
of ai^^mry size. Ako pments a heuristic mitM ptactunent idgorltftm. An iterative 
improvement algiwittwi kdiacttSKdiinoAy. 

[AsC| Pmceiedings o/" the Asihmar Coherences on €muits, Systennt, and Co»qM//e/a; Sexth <1?72) 
through thirteenth (1979). (Formctiy Asihtnar Cot^erem:e en Cimiismtd Sy5mtt$i^t$til%l) 
thrut^ fifth { W1l%) 1968, m%^m%mp^mi^m^W^^pma&^^ by Asilomar 

:C^fifeitnice.. 

llK^ conferences contain seB»m$^«mdes^ i^lMM^m. . 

[DAC} Proceedings cfihe Design AtitoinatioH Cmferatces, WJ^i. Iwdvft (1975) through scvciitceth 
(1980). {F&mcAf the Desipi AMotnation Workshops, ^^naoceitfit^ of second (1965) throi^ 
(dearth (l«73)aviailabla) ^pofisorad by SHAUB fenm-H^iJBBmtfjIKTiffi. Joint spoasoishlp 
of ACM with SHARK and/or IEEE from 1967 through 1980. 

K4{yor co^nmce«n design Mtomatiai instant and toc^niques. Many exam^ of 
working design autotmoioo systom e«i befeuftdi 

{CAS} Proceedmgs (ffthe lEEF. fMenuUion^ Sympeea on Cimiia and Systems, 1974 through 1980 
(formerly Inlertmlional Sjvnposium on Circuit Themy), IVHL 

lliese symposia usually contain several sessions on dea^ autmnation. 

[Ru77] Ruchli. A.E.; Wolff, P.K. SriCbefts^tQ., **Aiial|^eid4^>wicr/nffllmOptimh»dCHi Technique 
ft>r Pigttal Syestenw" ,Procte£ngtefdu FfHmtmOP^SieHfir^tmiiHat&itfirence, IHHE. June 
i977,pp.i4M4& 

Presents (with [Agu77]) a system to produce^'liSQttMS ofJiQtegiaCMlcirciite'V^en power 
and timing arc considered. Given a circuit, a tayout mtnimii^ng dte total power required to 
dbive;4tiedn»it wiHlefladsfying Ifeiihg cont6aiittsi»4lMted. 
. >• '■ 1 • A' '.-,•.- • "■ ' 

[Sah801 Sahni, S.; Rhatt, A.. 'HIk ComplcxUy of Design AutoiilatiM'^PnikkttiSi'' PmevedlHgs qfike 
^etentefmtk Aa^n Ataomiiie^ i^0fi)reni;ei UStM, ^M»?l9il|^Api^4S2>«Hi« 

firoscafe aaanwy of W-fcwtpwibteWi^rriKrtdiD rrti ii ltii m i oMmi i a a. the hyout 
problems discussed usca potat model for eomppiwQtt, 

{^16} Sahiii, S.; Goazaloe, T4 '^S'^fliitplottr Ap)81Milnatiolll^l«l»lfiMKi" ^mnu^of^ACM, V(£ 2)« 
No. 3. July 1976, pp. 555-565. i* ^ 

It K shown ^ai, for several NP-conqrfcte optifniKjrtkm probicms, m pdyatMnial-time 
aigorithm can rta^telMiieaiisi VvMelf af« ffmeut»oA la^haty o ii^ Mitiwe faiiciteff iMlues witfAs a 
cons|«it tmltipic aCllie c^timtf ijariesrW » ^; ^i3i»4^»j»miigmnmMm» ttf ttieiKeUcins. 

{Sav79} Savage. J;H., "Area- Time iYadcofls for Matrix MtdtipScalioii^ «Nt Ketated^l'iiiMeint in Vl^I 
Models," Brown University l>epartmcnt of Comput<»- Scictice Tcchnicid Report No. CS-50. 
1979. 



(Sc761 Schweikcrt, Daftie|» "A l-DifncMioiiri VHeaawat it^in^Bi fi>r Ac Layout of Electrical 
Circuits," Proceedings qf the Thirteemh Dm&i Automation Conference, IHKE, 1976, 

The dignridHii pnesentefi Hies cswimK#c initial^ placemeat and improvement by 
pairwise exchai^. 

(So74| So, H.C., "Some Theoretical Results on the RouUflg of Multilayer, Printed-Wiring Boards," 
ProceedHigsffihelKEE tm^miim^i^^^iMlHnmOrvum mi Systems, 1974, pp. 296-3&3. 

Pieseat^ a 4ee«mp0Hii(iRifl4%f^^pi*^ 
resulting in several instances of a routing p«ife4Bim*»OBr« raw of points -- the single-row, 
sin^-laycr routing problem. In this pf(^icm.^accon cither side of the row and in between the 
points eaa be use<^ by wii^e i>8^. S«^Kiet« C€MM^tiem for niut^tUy of a coltcctim 
studied. Theoretical FCscaFcb on *e Btnttc^tow; single-layer nnUmg problem has been 
continued by several people. Sec |Ku79, TI76, TITS, IWJ. 

[StW^ Storcr, J.A., "ITie Node Cost Measure lbr£mb«dd«i» Graphs on the Planar Grid," Proceedings 
of the Twelfth Annual ACM Symposium on Theory (fCmipuiiug, 19«), pp. 201-210. 

[Su73J Sutherland, Ivan; Oestreicher, Donald, "How Big Should a Printed Circuit Board Be?" IEEE 
Tni««ic/JoitronC{»«p(A»?, May 1973, ppJ3^$42. 

Presents an theory tot pre^^lat vvfeiat sice iMiated circuit boards should be for 
successftit^dicwt b^Qi^t - 

|Ti781 Ting^ BiL; Kuh, ES., "An Approach to the Routiog of Multilayer Printed Circuit Boards." 
Proceedings of the IEEE International Symposium on CireuHs ami Systems, May 1978, 
pp.902-911. 

Pf«sen«s ail mcAod which is an ©iiroskm^o^^ 

rri791 Ting^ BS.; Kuh, RS.; SM«io*anni-y^ei«eW< A, "Via Ass^mem ft^^em in Multilayaer 
Printed CireiMtBair<te." lEEETmnmcliamonCmiuUsmdB^istems, Vol. GAS-26, No. 4, April 
1979, pp. 261-271. 

Formalizes the via assignment problem resulting from the appro<K:h of So [So74]. ITie 
NP-completencss of the formalized problem is proven. Heuristics are discussed. 

|Ti76l Ting. B.S.; Kuh, ES.; Shirakawa. 1., "The Multilayer Routing Problem: Algoridims and 
Necrasary and Sufficient Conditions for the Single-Row Single-Layer Case." IEEE Transactions 
on Circuits and Systems, Vol. CAS-23. No. 12. Dec. 1976, pp. 768-778. 
See enU7 for{So74}. 

|Th80J Thompson, CD., "A Complexity ITicory for VLSI," Ph.D. thesis. Department of Computer 
Science, Carncgic-McUon University. 19M. 

Presents a new measure of the complexity of a function in terms of the chip area and 
computing time of a VIJSl realization of the function. ITiis thesis has initiated a large amount of 
reKjarch using the measure. 

rroSOJ Tompa, Martin, "An Optimal Solution to a Wire-Routing IVoblcm." Proceedings of the Twelfth 
Annual ACM Symposium on Theory of Computing, 1980, pp. 161-176. 

Addresses tlic problem of connecting terminals in orckr across a street, i.e. the leftmost 
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tcrminal on (»}e side is connected U> the ieftraostm die otiiefs^^ 

rrs79] Tsukiyama, S.; Kuh, E.S.- Shirakawa. I., "An Algorithm for Single-Row Routing with 
Prescribed Stren CmicMion," Fncet^gs tfilmlSES In^imefialS^nposium on Circuits 
and Systems, Vi'n,pp.Afy^-Am. 
See entry for [So74J. 

(Val751 V^nt, L. "On Na»-Liaear Lower Btmnds in Cwnputational Complexity," Proceedings of the 
SevimtkAimtal ACM Sympasitita on Theory itfCotnputi^V9J3ipp.4i-S3. 
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